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When Dutch astronomer Prof. dr. Kees de Jager returned to his isle of birth Texel, he 
was asked by the former director of the Royal Dutch Institute for Sea Research, Prof. dr. 
Jan de Leeuw, to investigate the relationship between solar activity and our climate. Du-
ring this research he cooperated with Silvia Duhau, Ad Nieuwenhuizen, Hans Nieuwen-
huijzen, and many other researchers. That research, done over a period of 15 years, has 
generated about ten papers with remarkable new insights. All the papers are compiled 
together here and they provide the common thread for this book.

This book covers the equatorial and poloidal magnetic fields, and the recently discovered 
granular scale magnetic fields. Further, a prediction method is described for the sunspot 
maxima until 2130, and the notions phase diagram, Transition Point and grand episode 
are explained. The start of modern heating (1920), and the concept of solar variability as 
part of the modern heating curve (≈ 0.15 oC), have statistically been determined by the 
same method which has been applied to study the influence of the solar variability on 
the climate. Another aspect of our study is the non-linear time difference between the 
solar magnetic increase and terrestrial warming, which has some parallelism with the 
glacier lengths. This time difference has almost become zero in the last decades of the 
20th century.
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Some time ago one of the authors (CdeJ) was invited by Prof. dr. Jan de Leeuw, at that 
time director of the Royal Netherlands Institute for Sea Research, to investigate the re-
lationship  between solar activity and our climate. In the subsequent studies good coo-
peration was found with the two other authors (Silvia Duhau and Ad Nieuwenhuizen) 
while at some time we also profited greatly from the cooperation with Rob Rutten, Bas 
van Geel, Ilya Usoskin, Hans Nieuwenhuijzen and Rob Hammerschlag. We are also obli-
ged to Frédéric Clette and Leif Svalgaard for their help in matters of sunspot and group 
sunspot counting. Their fine cooperation is thankfully mentioned here. 
This book deals with the problem of  the influence of the various solar magnetic field 
components on the Earth’ s  average Northern hemisphere ground temperature. While 
most previous studies of this topic by other authors were restricted to the equatorial 
magnetic fields we found it necessary also to include the polar magnetism which was 
hitherto not yet discussed. Yet, it is found (Ch. 8) that it contributes considerably to 
the terrestrial warming, nearly half as much as the equatorial magnetic fields do. And, 
next to these two fields we had to deal with a recently noted third solar magnetic com-
ponent that also seems to influence the earth’s climate, to the considerable degree of 
about 25% before 1920.   

In the first three Chapters of this book (Ch. 1, 2 and 3) the three magnetic field 
components are described. Their proxies and variability is dealt with. The main as-
pects of the solar dynamo  are discussed in Chapter 4. We find (Chs. 5 and 6) that 
the recently started fairly low level of solar activity (since about 2000) will stay that 
low during a few coming solar undecennial cycles and that it may even stay that 
low during the forthcoming millennium. The last four chapters deal with the Ea-
rth’s climate and  its  variation due to solar magnetic influence. We limit ourselves 
to the climate of the Northern Hemispheric continents (it is only for these regions of 
the Earth that sufficiently reliable observational data are available). It then appears 
that during the past few centuries, up to the first two decades of the 20th century, the 
average  Northern Hemisphere ground temperature is fully correlated with solar acti-
vity. But after 1920 an additional component becomes more and more important (Ch. 
8). It consists of additional  heating  that already reached a value of close to one degree 
centigrade around the year 2000. In addition we find (Chs. 9 and 10)  a variable delay 
with an average value of some 16 years between the times of solar increase of magnetic 
activity and that of terrestrial warming. The duration of this delay decreased steadily 
from  ~1600 till present. The main results of this book are summarized in Figs. 9.13 
and 10.7 and 10.8. 
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Summary. The equatorial component of the sun’s magnetic field is concentrated in the sun-
spot area. We describe its main characteristics such as its  undecennial variation – the 
Schwabe cycle - and its chief variation as shown by the Hale cycle, this being about twice 
the Schwabe cycle. The sunspots are the centres of the larger and magnetically weaker solar 
faculae.  Important for understanding the main characteristics of the equatorial magnetic 
fields  is their latitude variation with time. A proxy for the equatorial magnetic  field is the 
maximum sunspot number per Schwabe  cycle; depending on the sunspot counting system 
it is called Gnmax or Rmax.

Sunspots – early observations.  As regards its integrated brightness the sun is an ex-
tremely stable source of light, its total brightness does hardly change with time and, if 
it does so, it is always by much less than one percent. And this, in spite of the fact that 
often dark spots are visible on the surface, the sunspots. The reduction of brightness due 
to the sunspots is compensated by relatively bright areas around the spots, the faculae. 

Sunspots were first mentioned in the early Chinese literature  (~ 800 BC), while the 
first mentioning in western literature is by the Greek scholar Theophrastus around 
300 BC. First telescopic observations were in 1610 by the English astronomer Thom-
as Harriot and the Frisians Johannes and David Fabricius. Since then telescopic ob-
servations of sunspots  were regularly and virtually throughout used in astronomical 
observations.   

Main characteristics. Sunspots are regions  of reduced brightness because at their places 
the upward flow of radiation, which is brought to the photosphere by convective mo-
tions, is reduced and sometime even strongly so by the strong magnetic fields of the 
spots, the reason being that convection  is blocked by these fields. 
The sunspots can have very different sizes, from a few tens of km till a few hundred 
thousands of  them.  But in any case: it are temporal phenomena, with life times that can 
range from a few hours till a few months – sometimes even still longer than that.

Essential is their strong magnetic field. The core of a spot is its umbra. There the magne-
tic field is strongest. In most cases it is of the order of 3000 Gauss and very occasionally 
even stronger than that. Essential for understanding the  sunspots is that these umbral 

Summarizing, the main new results described here are:

-- we investigate the dependence of the average (smoothed) Northern Hemisphere 
ground temperature on three components of the solar magnetic fields and determine 
their relative contributions to the Earth’s average temperature variation.

--  up to ~ 1920 the variation of the smoothed average NH ground temperature  is mainly 
determined by the three solar magnetic fields; after that an extra non-solar component 
becomes more and more important, to reach a value close to one degree centigrade 
around the year 2000. 

--  the  notions Transition Point and Grand Episodes of the solar dynamo are introduced.

--  the beginning of an episode of increased atmospheric warming occurs on the average 
about 16 years after the start of a period of increased solar magnetic activity, but that 
delay decreased in the course of time: it was longest some 500 years ago and became 
gradually shorter. Some parallelism with glacier lengths is noted.  

C. de Jager, R. Netherlands  Institute for Sea Research, Texel, formerly SRON Space Re-
search Organisation  of the Netherlands, Laboratory for Space Research , Utrecht, The Ne-
therlands

S. Duhau, Departemento de Fisica, Universidad de Buenos Aires,  Argentina

A.C.T. Nieuwenhuizen, SRON Netherlands Institute for Space Research, SRON Utrecht, 
Utrecht, The Netherlands 

Ch. 1. The solar equatorial magnetic field 
component; its structure, variability, origin  
and proxy value
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Latitude dependence; the Schwabe and Hale cycles. A remarkable property of the sun-
spots is that they appear in cycles that exist for about eleven years. These are called the 
undecennial or Schwabe cycles.  In the beginning  part of the Schwabe cycle its first spots 
originate at relatively high latitudes, about 30° northern and southern latitude. Next fol-
lowing spots are mostly situated at lower latitudes, and during the maximum of the un-
decennial cycle, after some five to six years they tend to occur at lower latitudes, around 
20°.  At the end of these cycles  its last spots of the Schwabe cycles occur at latitudes that 
are still closer to the solar equator. Thereafter, very often already at about the same time 
as that of the appearance of the last spots of the cycle, the next Schwabe  cycle starts with 
new spots at high latitudes. 

Generally the spots appear in groups in which the preceding (p) and following (f) mem-
bers have opposite magnetic polarities. In turn, the p and f  polarities are opposite on 
the two hemispheres and that remains so during the whole Schwabe cycle while that 
property changes sign during the next following Schwabe cycle. 

Another remarkable property of these cycles is that in all groups of one cycle the leading 
spots (p) appear closer to the equator than the following (f) spots. A further property 
is that these groups  of spots often tend to occur at locations where groups have existed 
before.  This is an indication that some favourite locations for the origin of spots seem to 
occur beneath the solar surface.

Crucial problems for the solar dynamo are  to find the reasons why such favourite loca-
tions occur and to discover the physical processes that lead to these favourite situations.

magnetic fields inhibit the convective motions that are responsible for the radiation flow 
over virtually the whole photosphere. Hence it are dark features.

The umbra is surrounded by the penumbra, a complex of outward and upward stream-
ing flux tubes of ionized  plasma, with a magnetic field that is weaker than that of the 
umbra; being  less than 2000 Gauss.

The umbra-penumbra boundary is always at an invariant value of the vertical compo-
nent of the magnetic field, this being between 1850 and 1985 Gauss with a likelihood of 
99%  (Jurcak et al., 2018). But evidently, the stronger the umbral field the more horizon-
tal is the magnetic fields at its boundary.   
Sunspots with fields smaller than a few hundred Gauss would not be visible as such, be-
cause for such small fields convection is not inhibited that strong that it would lead to a 
detectable reduction of the photospheric radiation flow.

Because of their strong magnetic fields, that are moreover very variable, spots or their 
surroundings are the seats of various kinds of magnetically driven phenomena on the 
sun, such as solar flares, coronal mass ejections, etc.     

Pairs of spots. Sunspots occur regularly in groups of two with opposite magnetic po-
larities.  Larger spot groups show the same phenomenon but then the division line of 
magnetism can be quite complicated. But also then that division line separates spots of 
the two magnetic polarities.    

Fig. 1.1.  A typical sunspot with its umbra and penumbra. 

Fig. 1.2a.  The succession of  Schwabe cycles between 1740 and 2010. From Clette et al. (2014).
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The name undecennial cycle, that is often given to such a cycle, is confusing for two 
reasons: first of all, the cycle does not always last for eleven years;  it can last shorter or 
longer by one or even by a few years. Next,  if in one cycle the polarity of the leading spot 
is positive then it is negative in the next following cycle  or in the preceding one. Briefly, 
two successive cycles form one unity, characterized by the magnetic polarity of their 
leading spots and it is only after two undecennial cycles that the situation repeats itself. 

For these reasons the name Schwabe cycle for one single cycle and Hale cycle for the 
succession of two Schwabe cycles  should be preferred. We use these names throughout 
in this book.     

Solar faculae.  Sunspots and sunspot groups are virtually always -  except in the case of 
very weak spots -  surrounded by larger areas with weaker magnetic fields.  These areas – 
the faculae – have much weaker  fields than the spots; their fieldstrengths  are only of the 
order of some 200 Gauss. They extend beyond the region covered by the spots, originate 
earlier and stay longer than the spot group. An example is shown in Fig. 1.3. 

Sunspot developments; the role of the tachocline. Well-known and quantitatively sup-
ported is the theory of sunspot structure:  the strong magnetic field of the umbra and 
the weaker fields of sideward uprising filaments of the penumbra (cf. Thomas & Weiss, 
1992). But the theory of sunspot development, in short the theory of the solar dynamo,  
with the Schwabe and Hale cycles and their alternatively changing  fields, although being 

Fig. 1.2b. Three successive  Schwabe cycles. The succession of two of them makes one Hale cycle. From 
Zharkova et al. (2015).

Fig. 1.3.  Development of a sunspot with its associated facular region. The faculae live longer than the 
spot group. Numbers in each diagram are days. From De Jager (1959).
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qualitatively understandable, still lacks quantitative verification. Therefore we restrict 
ourselves in this Chapter to a qualitative description of the various aspects  of sunspot 
cycle variability. 

In-depth helioseismic studies shows that the sunspots originate in a layer situated about 
200 000 km beneath the solar surface. A comparison with the solar internal structure ob-
tained from such helioseismic studies shows that the region of occurrence is actually that 
of the transition of the lower situated fully radiative region to the solar convective region 
above it. The latter is situated in the uppermost 200 000 km of the sun. The internal ra-
diative area rotates as a solid body while there is a strong variation of rotational velocity 
in the upper convective region. In the transition level the angular rotational velocity is 
subject to fairly short-term differential changes, as shown in Fig. 1.4. That fairly thin 
level is called the tachocline, a name proposed by Spiegel & Zahn (1992). 

The strong shear in the tachocline leads to the origin of sunspots.  Magnetic  loops 
originate there. During one Schwabe cycle they are all oriented the same way,  with 
the leading spots on one hemisphere being either all positive or all negative, while at 
the same time the opposite is the case for the other hemisphere. During the next fol-
lowing Schwabe cycle the situation is reverse.  This behaviour must be interpreted in 
terms of rotation of the convectively rising cylindrical plasma wave during  a Schwabe 
cycle. On the same hemisphere the convective rising plasma tubes rotate  the same 
way. When thereafter the spots of the Schwabe cycle become  increasingly weaker this 
happens so because  the strength of the convective motions decreases and this in turn 
is related to the thickness of the tachocline:  if the latter is thicker  the sunspot  field 
is stronger. 

When a new cycle starts  the convective  motions too will start to rotate the opposite way.  
This  happens for both hemispheres.

The physical problem that we meet in this connection is to quantitatively explain the 
duration of the Schwabe cycle and the related change of direction of the rotational   mo-
tions.  When considering  the variations of the strength and  size of the tachocline, the 
sun should be considered  a (magnetically) variable star. The variations of the strength 
and size of the tachocline are the basic elements of sunspot variability and they govern 
all aspects of the magnetic  variation of the  sun. This is the main aspect of the solar 
activity:  a problem that is qualitatively known but that has not yet been solved quanti-
tatively. Its solution is eagerly anticipated (Hoyng, 1991). The most evident  viewpoint 
is that the spots owe their strong umbral fields to magnetism originating in a turbulent 
tachocline. But attempts to find a quantitative solution in that direction failed so far. In 
recent studies  the maximum toroidal component of the umbral field strength that is 
necessary  for stability is surprisingly small: of the order of about 100  to 200 G  (Arlt, 
et al., 2007 a and b). Stronger fields cannot be stored below the convection zone.  So far,  
no one succeeded in forecasting the necessary ten times larger fields that are observed 
in the sunspots. Apart from the above quoted paper by Arlt et al., we just mention a few 
more of the involved studies: Ruzmaikin (2001), Kim & Leprovost (2007), but many 
more could be listed here.

Sunspot counting. In the first years of this century  the International Council World 
Data Centre (WDCJ–SILSO) proposed to improve the then current Zürich sunspot 
numbering system, introduced in the 19th century by Wolf and developed further by 
Waldmeier and successors: the Wolf Sunspot Numbers, generally called International 
Sunspot Numbers (ISN). 

Thus, the then current system was replaced by a new system of sunspot counting (the 
Modified International Sunspot Numbers (MISN; Clette and Lefevre, 2012, Clette et al., 
2014). Around the same time another proposed counting system was introduced (Hoyt 
and Schatten, 1998; Hathaway et al., 2002; Svalgaard and Schatten, 2015); it is called the 
Group Sunspot Numbers (GSN).

The main reason for the change to the modified international sunspot numbers was to 
overcome the ‘Waldmeier discontinuity’ (Aparicio et al., 2012), while the introduction 
of the Group Sunspot Numbers was based on the rather  generally accepted point of 
view that sunspot groups better represent solar equatorial magnetic variability than the 
Zürich system, the latter being based on a combination of counts of individual spots and 
groups of them. 

Fig. 1.4.  Differential rotation in the solar interior. The inner radiative region rotates uniformly while the 
outer, convective region shows its strong differential rotation.  The strongest variation occurs in the 
region near r/R = 0.7: the solar tachocline. From Thompson et al. (2003).  
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In this book we distinguish between the three systems by the above names with acro-
nyms: ISN, MISN and GSN and the corresponding mathematical symbols: Ri, Sn, and 
Gn (Clette and Lefevre, 2012, Clette et al., 2014). We will chiefly make use of the max-
imum values per Schwabe cycle (Table 1.1) of the last of these variables:  Gnmax. This 
variable is often also called Rmax. Both notations will be used in this book and when such 
is necessary, reference to this duplicity will be given. They will be used as the proxy for 
the total equatorial magnetic flux.

The suggested modifications demand to be checked in various ways.  De Jager and Nieu-
wenhuijzen (2013) compared the average terrestrial northern hemisphere ground tem-
peratures ∆TEarth  with Rimax  and aamin  (for the latter cf. Ch. 2) ,  but in this book we will 
present a redetermination of the dependence of the observed average terrestrial North-
ern Hemisphere Earth’s ground temperature on proxies for both the equatorial and the 
polar solar magnetic field as follows: For the equatorial field we selected Gnmax  (=  Rmax).
We choose it instead of Snmax , not only because the group numbers are expected to be a 
better proxy for the equatorial magnetic field than the MISN, but also because the list-
ings of the International Data Centre only give the MISN for the period 1700 to present, 
while the GSN data are available since 1610. A longer period of measurements is an 
argument for expecting a better accuracy in resulting data. Also, it is precisely during 
the major part of the 17th century that solar activity went through a deep minimum, 
the Maunder Minimum. Hence, since the range of GSN values is considerably broader 
than that of the MISN, we may also expect a better accuracy of the mathematical results. 
These arguments advocate the choice of Gnmax  (Rmax)  as our proxy for the equatorial 
component of the sun’s magnetic field.  Later in this book we will show the reasons why 
we find it necessary to smooth these data by a running 18 years smoothing time interval; 
cf. Fig. 1.6 (the choice of these 18 years is explained in Ch. 7 of this book).

Further on the proxy for the solar equatorial (toroidal) magnetic fields.  The magnet-
ic fields of sunspots have been measured since the beginning of the 20th century, which is 
as short  as some 100 years. This is the weakness of our knowledge of the equatorial solar 

magnetic fields.   But other solar or sun-related data (e.g. some aspects of the variation of 
the terrestrial climate) are known for a longer period. For many reasons, mainly for the 
case that one wishes to study the historical  evolution of  certain solar or sun-associated 
parameters, it would be important to know  the longer-duration variation of some of the 
solar variables, and in particular one is eager to know the variation of the general mag-
netic  field at equatorial levels.  This is one of the main reasons to search for a so-called 
proxy for the equatorial magnetic fieldstrength. 

The strength of the toroidal component of the solar magnetic field is proportional to the 
total sunspot area (S values, Nagovitsyn, 2005).  Therefore we may consider the maxi-
mum S values as measures for the amplitudes of the Schwabe cycle in the toroidal com-
ponent of the magnetic field of the solar dynamo. A comparison of the annual mean 
values of S with those of the Zürich Sunspot Number R shows that they are equivalent 
after 1780 and during the Maunder Minimum. By scaling the R values to the S scale we 
derived the empirical relation S [Msh] = 15.7R, where Msh is the spot area expressed in 
millionths of the solar hemisphere. Only in the period 1704 to 1780 some R values, thus 
scaled, are slightly larger as  compared with S. 

This overall similarity allows one to use R values as proxy data for the toroidal field com-
ponent. An extension of these proxies to earlier periods is based on the Schove (1955) 
time series of sunspot maxima as being reconstructed from sunspot data and auroral 
occurrences. That time series extends, though with interruptions, from 648 BC to the 
present. Only after AD 290 it is a continuous series. Based on the nonlinear relationship 
between the Schove time series and the simultaneous Zürich Sunspot Number time se-
ries, and using a wavelet analysis, Nagovitsyn (1997, 2005, 2007) extended the Zürich 
Sunspot Numbers to the past. In this book  we will, if needed for clarity, denote Nago-
vitsyn’s reconstructed series of R values by RN; when we are dealing with the maximum 
R values of solar cycles. As explained earlier in this book we follow the current literature 
and denote this variable  mostly by  Gnmax, but we will  also  use another current designa-
tion:  Rmax.  This quantity, Rmax  (or Gnmax) is here  introduced as a proxy for the  equatorial 
magnetic variability.  Cf. also Figure 1.6. 

Other proxies for past solar activity are sunspot numbers that have been inferred from 
14C and 10Be cosmogenic isotopes. The physics of the production of these isotopes is 
described by many authors. We just mention Beer (2000) and a review by Scherer et al. 
(2006). The transformations of deposit rates into time series of sunspot numbers was 
done from 10Be data by Usoskin et al. (2004) and from 14C  data by Stuiver and Quay 
(1981). The three time series – those for the 14C, the 10Be, and the Rmax data – appear to 
coincide.

Cycle                    Approximate duration (years)

Schwabe 11

Hale 22

Gleissberg 80

De Vries/Suess 210

Hallstatt 2300

Table 1.1.  Quasi-periodicities of the solar cycle 
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These coincidences are the manifestations of a fundamental  aspect of solar activity var-
iation: the occurrence of periods of Grand Minima  and the presentation of the opposite 
kind of lengthy variations of solar activity: the Grand Maxima. We will return to these 
important aspects of solar variability in Chapters 4 and 5.
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Summary: The main polar features  and their associated phenomena are summarized:  the 
polar bright points and polar faculae, the polar jets and the polar coronal holes. We describe 
the polar magnetic fields and their proxy value.

Introduction. Contrary to the equatorial solar regions much less is known of the polar 
areas, which is simply due to the fact that the polar parts are normally seen under large 
angles, while the equatorial parts are well seen by conventional techniques. It is also im-
portant that the solar axis is inclined by 7° with regard to the field of the ecliptic. Hence, 
during Northern Hemisphere autumn the  solar north pole is best seen while the reverse 
is the case half a year later. Evidently, scientist are eagerly  waiting for more polar orbiting 
spacecraft.

Yet, the main polar phenomena; also the general polar magnetic fields and their recent 
developments are already reasonably well known. This is important for the investigation 
of the relation between the variation of the sun’s magnetic fields and the terrestrial tem-
perature, which is the main aim of the present book. 

Polar bright points and polar faculae. In older literature these two topics were dis-
cussed separately, which suggests that it are two different kinds of objects. Yet, the main 
difference between these two topics is merely a matter of size. 

The polar bright points were observed first by Vaiana et al. (1970) as roundish structu-
res with diameters of a few tens of arc seconds. They are situated over small bipolar 
magnetic regions (Fig. 2.1). They have fairly short lifetimes, up to tens of hours, but 
occasionally they exist for a longer time, even up to lengths of the order of a day. 
Hence, there are strong fluctuations in their life times, of minutes to hours (Kariyappa 
& Varghese, 2011).

Fig. 2.2 (Pucci et al., 2012) shows an example of the brightness variation of a Bright 
Point; this one lasted for about an hour. 

Several authors (cf. as examples: Pucci et al. 2012  and Narang et al., 2019) described the 
correlation of Bright Points with polar patches with magnetic fields of the order of one 
to a few kilogauss. They are associated with polar faculae with temperatures of the order 

Ch. 2. The polar magnetic fields and their 
proxy value.
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loidal magnetic field. Okunev and Kneer (2004) give as their main properties a size of one  
arcsec or larger, while they have substantial fine structure of both their brightness and their 
magnetic field. These two properties – brightness and location of the polar facular points 
– appear to change noticeably within time spans as small as of the order of one minute.  
       
A possible mechanism for the occurrence of Bright Points was presented by Pucci et 
al. (2012). These authors suggest that  they originate from “gradual phenomena such as 
flux emergence or flux cancellation, possibly coupled to Bright Point motions and changes 
in their mutual separation ..… and ensuing gradual reconnection”. We note the similarity 
of this proposal to one forwarded earlier for solar flares: reconnection between coronal 
electric current  tubes  (Van Beek et al., 1981). 

Polar jets. These are in a way associated with the Bright Points/Polar Faculae since there 
are incidental observations known of polar jets emerging from faculae. But individual 
jets, not associated with bright points are more numerous.

The jets have initial outward velocities close to 600 km/sec (values of 545 to 584 km/sec 
are reported by Karovska et al., 1999). These values are fairly close to the solar escape 
velocity of 618 km/sec.  Observed velocities depend on the distance to the sun. Values of 
292 and 184 km/sec are observed at distances of  3 and 5 solar radii respectively. These 
values cannot be explained by simple gravitational action and ballistic  laws,  since that 
would require the jets to fall back to the sun after having slowed down in the  appropri-
ate way. These discrepancies demand other forces working on the jets. Cases have been 
reported of post-jet enhancements of initially cooler structures (Len et al., 2007). 

Several mechanisms for the explanation of these phenomena have been proposed, such as 
the emergence or submergence or the cancellation of magnetic fluxes (Pucci et al., 2012). 

(Polar) coronal holes. The designation ‘polar’ is sometimes (or better: was in earlier 
times) often used for these  structures because at the time of their initial observation the 
majority seemed to occur in the polar areas. Later, however, it became clear that they 
can extend over fairly large latitudes, sometimes even down to the equator.  This feature  
depends on the phase of the solar Schwabe cycle: towards their maxima the location of 
the coronal holes moves closer to the poles. During a Schwabe cycle maximum the num-
ber of them tends to decrease and that continues till the time of reversal of the magnetic 
field. Thereafter new coronal holes appear nearer to the poles where after they increase 
in size and number, while their location moves towards regions situated farther from the 
poles. That continues till Schwabe cycle maximum is reached again. Thus, the undecen-
nial variation of their locations and sizes are defined.

of 1 – 2 times 106 °K (Golub et al., 1976) but clear variations with time were observed by 
Karyappa et al. (2011). 

The polar faculae, mentioned here, are relatively stable phenomena, with lifetimes ranging 
between several hours and – sometimes – many days. They carry magnetic fields that are 
mainly of kilogauss strength. They are unipolar with the same polarity as the global po-

Fig. 2.1. Polar bright points.

Fig. 2.2  Brightness vs. time of a Bright Point observed on November 2, 2007 (Pucci et al., 2012).  
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The coronal holes (an example is shown in Fig. 2.3) are  areas with small or  even close to 
zero magnetic fields. In these magnetically virtually neutral regions the coronal plasma, 
with its high temperature and low density can easily escape from the sun. In other words: 
coronal holes are the sources of strong coronal winds with velocities that appear to be 
about twice that of  the average solar wind speed.
Starting with Insley (1999) and  Hassler et al. (1999) several authors referred to and ela-
borated the relation between the location and the possible origin of coronal holes from 
the chromospheric network. The development of the underlying physical mechanisms is 
still waiting  - cf. Chapter 4.

The polar magnetic field and its variation with time.  For many years the existence 
of the polar magnetic fields had been neglected, until in 1955 father and son Babcock 
referred to it in a first paper, where after H.D. Babcock (1959) in a fundamental paper 
drew more specific attention to their existence and potential physical importance. In his 
magnetic field observations an accuracy of 0.5 Gauss could be reached.  With that ac-
curacy the variability of the polar fieldstrength was detected and its Schwabe-type was 
suggested. 

Babcock’s suggestion found its  confirmation in later studies.  Observations by Severny 
(1971) showed that the polar fields reach maximum strengths close to the minimum 

of the Schwabe cycle and that they reverse sign close to the Schwabe cycle maximum. 
This was again confirmed by later observations at Mt Wilson (Ulrich et al., 2002) and 
in particular at the Wilcox solar observatory (Svalgaard et al., 1976), where systematic 
observations were made  during various decades. This is further illustrated in Fig. 2.4, 
which presents the Wilcox observations of the magnetic fields at the two poles during 
40 years.

The diagrams of Fig. 2.5 give a representation of the time variation of the solar magnetic 
dipole moment since 1976. It shows the various properties of its intensity variations that 
are described here.  

Fig. 2.3.  Coronal hole with its boundaries accentuated. From Insley (1999). 

Fig. 2.4a (upper) and 2.4b (lower):  The southern and northern polar magnetic fields, measured at the 
Stanford Wilcox 0bservatory between 1976 and 2013. Copied from Petrie et al. (2014).    
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An additional property of the solar Schwabe cycle, not discussed above  but clearly pre-
sented in Fig. 2.5, is the decrease of the intensity level of solar variability after about the 
year 2000. It is the main aspect of the transition from the Grand Maximum for solar 
activity, that existed during the main part of the 20th century (the ‘Grand Maximum 
Episode’), to the new Episode of Regular Variations that started at the beginning of the 
21th century.  This aspect of solar variability (transitions between Grand Episodes) is 
discussed in detail in Ch. 4 and also later in this book.  

A proxy for the polar magnetic field component.  In Ch. 1 we described the proxy for 
the equatorial magnetic field (Gnmax or Rmax). Here, we are dealing with that for the polar 
magnetic activity. 
We copy two paragraphs from De Jager et al. (2016) :

“A direct measure for the total polar activity would be the sum of the magnetic fields 
of the polar faculae.  They have been measured since the beginning of the 20th century 
(Sheeley 1966, 1976, 1991, 2008) and their calibrated values of the past 100 years are 
clearly correlated with the heliospheric magnetic fields. The measured values of the polar 
faculae are also in good agreement with the polar fields and the polar flux estimates. This 
makes these data excellent proxies for studying the polar magnetic fields (Munoz-Jara-
millo et al. 2012, 2013a, 2013b). A drawback is that data of the polar facular flux are only 
known since the beginning of the 20th century. 

An alternative proxy for the total polar magnetic field strength is therefore the common-
ly used value of aamin, the minimum value of the geomagnetic aa index for  subsequent 
Schwabe cycles (Russell 1975, Russell and Mulligan 1995, Hathaway et al. 1999, Duhau 

and Chen 2002). The aamin data are known from 1870 onward (Mayaud, 1972) and this 
series has been extended down to 1844 by Nevanlinna and Kataja (1993).” 

The aamin  data from 1856 onward were homogenized by M. Lockwood (priv. comm.) 
and published by De Jager and Duhau (2012). cf. Fig .2.6.  Still earlier aamin data (before 
1844) do exist in the literature (cf. Nagovitsyn, 2005) but these are based on  an assumed 
correlation between Rmax and aamin, while an essential assumption, on which this book is 
partly based, is that such a correlation should not be assumed and to the best has to be 
studied. Therefore such extrapolated data will not be used here.

The above demands for a closer discussion of the properties of the aa-index.  This index 
was developed by Mayaud (1972) by averaging a northern magnetic field component 
measured at Greenwich and a southern one at Melbourne. The main field changes did 
not modify after small changes of the overall position at Greenwich and after a change 
by only 1° at Melbourne (Feynman and Ruzmaikin, 1999). Therefore, the minima in 
the Mayaud time series may be safely used as a proxy for the poloidal component of the 
dynamo field. Also, during the interval 1705 to present the RN data appear to coincide 
with the directly measured R values. Nagovitsyn based his extension to the past on the 
nonlinear relationship between the aa-index and the R time series in the time interval 
1868 – 1998. During that period the aa-index was not markedly affected by geomagnetic 
field changes. Hence, the aamin  time series in the Nagovitsyn data (here called Naa) is 

Fig. 2.5.  Time variation of the solar magnetic axial dipole moment since about 1970. Shown are the 
differences between the Northern and Southern polar fields derived from observations at the Wilcox 
Solar Observatory. The blue curve presents the same data, but this time  obtained from Mt. Wilson Ob-
servatory. Heavy lines show the 12 months running mean values of the N-S difference. (Copied from 
Svalgaard et al., 2005).

Fig. 2.6.  Annual aamin data, smoothed as described in Ch. 7. These data are only reliable after 1844. Earlier 
data are based on extrapolations and will not be used in this book. (Copied from De Jager et al., 2018)
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used by some authors as a measure for the amplitude of the poloidal component of the 
solar magnetic field. They use the Naa data for the interval 1090 – 1897, and the Mayaud 
index from 1868 to present. Similarly,  the poloidal component shows the Grand Maxi-
ma and Minima, although there are remarkable differences in their amplitudes.

Support for Nagovitsyn’s hypothesis is found in Fig. 2.7 which presents for a number of 
Schwabe cycles the good dependence of their aamin values (ordinate) on their maximum  
magnetic field Rmax (abscissa). But a drawback is that these data are all solely valid for the 
Schwabe cycles  of one single Grand Maximum (for the definition and significance of 
Grand Maxima and Minima  we refer to Chapters 4 and 5). It is not sure that the same 
relation as the one in Figs. 2.6 and 2.7 is valid for all Grand Episodes and this is a reason 
why we prefer to restrict ourselves in this study to the use of the aamin data for the time 
after 1844.   

Summarizing this section of the present Chapter: we dealt with the proxy of poloidal 
component of the dynamo field and its time evolution. For the Gnmax or Rmax data that 
we discussed in Ch. 1, we checked their reliability by comparing several sources for their 
proxies. Such checking is more difficult and perhaps even  impossible  for the early aamin   
time series, for which only Nagovitsyn’s (2006) synthetic time series is available before 
1844. 
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Summarizing review: Next to the equatorial and polar fields there are granular scale 
fields, that will be discussed here. They could only be detected well after the introduction of 
modern high-resolution solar telescopes that studied the solar granulation.  They showed 
the existence of white points and short narrow white lines in the intergranular lanes; appar-
ently structures that must be associated with local magnetic fields. 

The first to detect the intergranular structures was Richard Muller at the Pic du Midi ob-
servatory. He called them ‘facular bright points’. At nearly the same time they were also 
seen by Mehltretter at the Sacramento Peak observatory. Muller found that they were 
seen best in the Fraunhofer G band of CH molecules (Muller still ascribed them to CN). 
Later observations of ‘G-band bright points’ were mainly obtained with the first (48 cm) 
Swedish telescope on La Palma, thereafter with the Dutch Open Telescope and still later 
with the new one meter Swedish telescope of G.B. Scharmer (Fig. 3.1).

The explanation was given by Zwaan (1967). Spruit (1976), Spruit and Zwaan (1981) and 
by Solanki (1993):  it are vertical magnetic flux tubes or flux sheets with thicknesses of 
at most a few tens of km and fieldstrengths of about 1500 Gauss.  Because of the strong 
magnetic pressure the  gas-pressure is rather low and the gas is in magneto-static equi-
librium with the field-free surroundings. Due to the low gas-pressure these structures 
are fairly transparent and from above one sees their hot sides. The temperature inside is 
not higher than what is needed for radiative equilibrium. 

It is hard to find the real structures of these flux tubes, because their sizes are at the 
resolution limits of even the best modern telescopes. As seen from above, their sizes are 
fairly small and from that point of view their magnetic fields, although by themselves 
rather strong will not have an appreciable influence on the terrestrial climate. But the 
observations refer to the lower lying photosphere, while little is known of the higher 
chromosphere above the granular magnetic areas.

Magnetic concentrations constituting network, plage, faculae. Solar surface magnetism 
exhibits a major discrete component in addition to sunspots in active regions. It consists of 
small magnetic concentrations (henceforth MC) with kilogauss field strength, spread over 
the Sun in irregular patterns.  They represent a low but long tail in the size hierarchy of 
strong-field features that emanate more or less upright (radially, locally vertically) through 
the surface (Zwaan 1967).  For reviews see De Wijn et al. (2009) and Borrero et al (2017).

Ch. 3. Small-scale solar surface magnetism*

* The first part of this Section has partly been written by Rob Rutten.
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Sunspot umbrae are the largest vertical flux concentrations.  In their surrounding pe-
numbrae the fields partly fan out to larger height and partly bend back to below the 
surface.  Next come magnetic pores: mini-umbrae without penumbra, of granular or 
slightly larger size, also appearing dark on the surface.  The yet smaller MCs also repre-
sent upright field bundles but with much smaller cross-section at the surface, at most a 
few hundred km diameter, usually less.  Hence, telescopes need sub-arcsecond or better 
angular resolution to observe them (1 arcsec measures about 700 km on the Sun).  Even 
then their fine structure is often not resolved.  They therefore became known as magnet-
ic ‘elements’  or ‘points’ (magnetic points, facular points, bright points).  The ‘bright’ is 
because they appear bright in many diagnostics (more below).  They are not limited to 
active regions as spots and pores usually are.  In these they do appear in denser concen-
trations but elsewhere they are also present, including very quiet areas.  There are fewer 
in the polar caps, but the ones there are important gauges of polar fields.

Near the limb the small MCs are known as faculae. These were observed well before their 
small-bright-point signature closer to disk center was recognized because they appear 
brighter in slanted viewing.

Faculae were already visible towards the limb in white light images that did not reach the 
high resolution of modern telescopes.  This fortunate visibility enables using the number 
of polar faculae as polar field proxy, using Sheeley’s inventories of their numbers on his-
torical Mount Wilson full-disk photographs.
 
In principle the best way to observe MCs is through their strong-field signature in Zee-
man line splitting or broadening.  However, this fails towards the limb where the radial 
MC fields become less aligned with the line of sight as required for circular-polarization 
Zeeman signature.

However, also on the disk magnetograms sampling Zeeman diagnostics generally show 
them incompletely.  The Helioseismic and Magnetic Imager (HMI) onboard the Solar 
Dynamics Observatory (SDO) collects full-disk magnetograms every 45 seconds since 
the spring of 2010, but while these monitor the distribution of the stronger concentra-
tions over the visible disk continuously, their angular resolution and magnetic sensitivity 
are low so that they detect the larger ones and do not resolve these.

The mid-ultraviolet images (1600 Å and 1700 Å) of the Atmospheric Imaging Assem-
bly (AIA) onboard SDO chart these small magnetic concentrations more completely in 
the form of bright grains, but without polarity distinction as magnetograms do.  The 
resolution is as bad as for HMI but the MC inventory is more complete through higher 
contrast, especially towards the solar limb.

Figure 3.2 shows simultaneous images from HMI and AIA at high, medium, and low 
levels of activity.  Each image contains magnified cut-outs to show detail.  Only the top 
continuum image in the first column contains sizable spots, primarily in the southern 
activity belt.  Elsewhere it shows granulation.  The corresponding magnetogram in the 
second column show extended groupings of small black or white (opposite polarity) 
grains marking MCs. They are densest where there is most activity and there display the 
Hale polarity laws. The dense groups around spots constitute active-region plage, but 
away from spots there are also extended clusters with a preferred polarity, also called 
plage or ‘active network’. They display tilts according to Joy’s law. Similar ones appear in 
the second magnetogram but in the bottom magnetogram there are no extended group-
ings.  The insets show that the plages have roughly cellular ordering constituting mag-
netic network. The top-right inset in the second magnetogram shows this network as 
mostly unipolar (white) but with a few opposite-polarity (black) ‘internetwork’ grains 
in the cell interiors.

Fig. 3.1. A high-resolution image of the solar granulation in an area near the disk centre, taken by M.J. 
Henriques with the Swedish 1-meter telescope (SST) and described and analysed by Bose et al. (2019) 
and contributed by L.H.M. Rouppe van der Voort. Image size is 17x19 arssec or 51 600 x 35 800 km. The 
wavelength of 0.4 nm samples continuum.
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Formation and brightness of small magnetic concentrations.  Much higher resolution 
than in Fig. 3.2 is obtained at the best ground-based telescopes, in images in which these 
small magnetic concentrations appear bright with respect to their surroundings.  Most 
reside in intergranular lanes so they become invisible at low resolution because their 
local brightness cancels against the surrounding darkness.  Figure 3.3 shows the state of 
the art with observations from the Swedish 1-m Solar Telescope (SST), currently the best 
ground-based solar telescope by combining an outstanding site, superb optics, vacuum 
technology, advanced adaptive wave front correction, further numerical image restora-
tion, and fast high-quality Fabry-Perot imaging spectrometers operating at red and at 
violet wavelengths (Scharmer et al. 2019). 

Towards the poles the magnetograms show less network patterning and more bipolar salt-
and-pepper MC sprinkling, but still with some preference for small-scale polarity sharing.
The ultraviolet 1700 Å images from AIA in the third column illustrate that all magnetic 
elements appear as bright grains at this wavelength.  The weaker 1700 Å grains between 
these mark acoustic waves fed by the solar surface oscillations.  Comparing the various 
insets with the corresponding magnetogram insets shows nearly 1:1 pattern equality (apart 
from the polarity sign) between bright ultraviolet grains and kilogauss MCs.

Fig. 3.2. Overview of characteristic solar surface magnetism patterns using full-disk images from the So-
lar Dynamics Observatory. The rows are for three dates: April 29 2014 with much activity midway Cycle 
24, April 29 2015 at declining activity with only one tiny sunspot, and April 29 2019 at low activity.  Each 
row contains the HMI continuum image, the HMI line-of-sight magnetogram and the AIA 1700 Å image   
collected at 03:00 UT. The white boxes specify cut-outs that are magnified in the corners, in clockwise 
order for the four boxes from disk center to the South limb.  The HMI magnetograms are clipped at 100 
Gauss apparent field strength to enhance network and plage fields.  

Fig. 3.3. Granulation and magnetic concentrations in small cut-out of the data also shown in Fig. 3.1. 
Image size is 48 x 22 arcsec or 35 400 x 16 100 km. Top panel: intensity at 395 nm wavelength with 
bandwidth 1.3 nm. Middle panel: corresponding map of the line of sight magnetic field derived with an 
inversion technique from simultaneous polarimetry in the Fe I 630.15 and 630.35 nm lines. The bottom 
panel corresponds with a cut-out from a simultaneous SDO/HMI full disk magnetogram. Its pixels are 16 
times larger linearly. Grey scale of both magnetograms is clipped at 1500 Gauss absolute strength. SST 
data courtesy of L.H.M. Rouppe van der Voort.
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The top panel shows surface granulation. Within some intergranular lanes there are nu-
merous small bright features, clearly not ‘points’ but with varying shape, often elongated, 
that generally follow the morphology of the intergranular lane in which they reside (and 
follow with time in image sequences). The SST magnetic map in the second panel shows 
that this small scene contains mostly negative-polarity network, including a somewhat 
larger “enhanced network” patch with larger bright point density. There is some posi-
tive-polarity network at right.  There are very few magnetic concentrations above the 
sensitivity threshold in the internetwork areas; also these have corresponding bright fea-
tures in the top panel.
  
The two magnetograms are both clipped at 1500 Gauss absolute field strength.  The mag-
netic features appear much weaker in the HMI magnetogram because they are much 
smaller than the pixels over which their averaged magnetic signature is measured, as 
demonstrated by the smallness of the bright points in the top panel.  This comparison 
shows the poor rendering of small-scale magnetism in HMI magnetograms.
Only the larger field patches remain diffusely visible.  Thus, the magnetograms in Fig. 3.2 
show tips of MC icebergs only.  These were clipped at only 100 Gauss in order to display 
their location and polarity more completely, not their actual field strength.  The SST field 
map comes closer to resolving them, with many pixels showing apparent field strengths 
above 1000 Gauss.

The nature of these small MCs and why they appear bright are well understood.  Just as 
in umbrae the strong magnetic field suppresses turbulent convection locally, so that out-
ward convective energy transport from below is inhibited which makes them cooler than 
their surroundings.  The strong field also contributes high magnetic pressure.  Persistent 
presence of such strong-field features (they often last hours) requires correspondingly 
low gas pressure inside, so that the sum of both pressures balances the outside field-free 
gas pressure (‘magnetostatic equilibrium’, Spruit 1976).

In contrast to sunspot umbrae and pores, the small MCs do not appear darker but brighter 
than their surroundings. Naturally this was initially attributed to unidentified heating, but 
from their magneto-static modeling Spruit (1976) and Spruit and Zwaan (1981) suggested 
that the apparent brightening comes from the hot walls of the tube-like MCs below the sur-
face. Their insides are relatively cool from the magnetic suppression of outward convective 
energy flow, but the hot-wall radiation scatters out to produce a bright feature if the MC is 
small enough, whereas this contribution becomes negligible for larger pores and umbrae. 
Towards the limb the viewing along the slanted line of sight passes further through the 
relatively empty fluxtube than besides that, and so samples the hot granule behind, causing 
the enhanced contrast of limbward faculae with stalk-like appearance.

Subsequently, the kilogauss strength of MC fields was established with dual-line spec-
tropolarimetry by Frazier and Stenflo (1978), verified in a number of studies (reviewed 
by Solanki 1993), and then followed by detailed numerical MHD simulations (e.g., Keller 
et al. 2004; Carlsson et al. 2004) in which magnetic concentrations appear and brighten 
very similar to those in the best observations, also as limb faculae in slanted viewing.  
These simulations insert uniform magnetic field of a few hundred Gauss, horizontal or 
vertical, throughout or at the bottom of a well-developed purely hydrodynamic simu-
lation and then follow its reconfiguration and shredding by the continuing turbulent 
convection. Below the surface the gas pressure generally dominates over the magnetic 
pressure so that the fields are forced to follow the gas motions (in the low-density co-
rona this is reversed so that gas in coronal loops is frozen-in to the field). The uniform 
initial field is so quickly transformed into more or less vertical threads that are expelled 
by the convective flows from granules to their surrounding lanes, and then swept to 
meso-granular boundaries.

The simulations are yet too small in volume to harbor larger supergranulation, but the 
observed network patterning which outlines boundaries between supergranulation flow 
cells implies that subsequent sweeping to and collection in supergranular boundaries 
follows (more below).  In summary, the simulations show that any field moving from 
somewhere into the turbulent convection just below the surface is transformed into 
kilogauss concentrations that are swept along by the local granular, meso-granular and 
supergranular flows.

The low internal gas pressure enhances apparent MC brightness in spectral diagnos-
tics that are density-sensitive.  Atomic lines such as the optical ones from Fe I weaken 
or even vanish in MCs because most or all iron becomes ionized within them; in the 
older literature this small-scale vanishing was called ‘line gaps’.  Molecular bands as the 
Fraunhofer-named G-band of CH molecules near 4310 Å and the CN band below 3884 
Å weaken from enhanced dissociation.  The first convincing bright-point MC observa-
tions were therefore done (at Pic du Midi) in the G band which permits imaging with 
relative wide (10 Å) spectral bandpass, hence high signal-to-noise.  In the outer damping 
wings of the Balmer lines and the strong Ca II lines the opacity diminishes from smaller 
density-sensitive collisional broadening; this is the case in the top panel of Fig. 3.3 which 
samples wavelengths in the overlapping outer damping wings of Ca II H & K between 
these lines.  In the mid-ultraviolet continua sampled by AIA the MCs show enhanced 
brightening from ionization of Fe I and Mg I which contribute most continuous opacity 
at these wavelengths; this brightening is evident in the third column of Fig. 3.2.  For all 
these diagnostics the smaller opacity within the MCs implies deeper apparent holes for 
outward hot-wall radiation, hence a larger contribution of that, and also larger transpar-
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ency in facular viewing along slanted lines of sight close to the limb that so penetrate 
further into the hotter granules behind the MCs and sample more of their brightness.

Weak internetwork fields. The kilogauss MCs that constitute network and plage are 
smaller than the spots and pores in active regions, but they do not represent the small-
est or weakest in the hierarchy of solar magnetic surface features.  In recent years it has 
become clear that also within quiet-Sun supergranular cells weak ‘internetwork’ fields 
are copiously present in very tangled and dynamic form on granular scales.  The first 
telltale was measurement of Hanle depolarization (Trujillo Bueno et al. 2004), followed 
by detection of abundant primarily horizontal fields at granular scales in full-Stokes 
spectropolarimetry with the Hinode satellite (Lites et al. 2008, 2017) of which the 50-
cm aperture furnishes the highest resolution and sensitivity in magnetogram sequences 
from space so far. The absence of fast-varying atmospheric image distortion (‘seeing’) in 
space permits much longer integration times than for ground based telescopes, resulting 
in much higher sensitivity and hence weaker field detection than possible with SST and 
HMI magnetometry as in Fig. 3.3.

Numerical MHD simulations (see Pietarila Graham et al. 2017) have established that 
such weak small-scale quiet-Sun fields likely result mostly from local convection near 
the surface operating as a small-scale dynamo, less from convective shredding of strong-
er kilogauss network/plage MCs or from shredding yet larger preceding active regions.  
These weak internetwork fields are relatively stronger and more vertical in intergranular 
lanes.  Higher up, but still within the low photosphere, they close across granules in tiny 
horizontal loops. The latter loops cover more area than the lane fields so that the domi-
nating weak-field signature in Hinode data is horizontal.  This small-scale near-surface 
dynamo action is inherent in the turbulent convection producing the granulation and 
does not vary with latitude or the activity cycle.

Network and plage patterns. Small kilogauss concentrations and weak internetwork fields 
are the producers of larger-scale network and plage patterns on the solar surface as seen 
in the magnetograms of Fig. 3.2.  Such production was first established for the kilogauss 
concentrations called ephemeral regions (Harvey and Martin, 1973). They are small bipo-
lar kilogauss MC pairs that emerge from deeper layers, presumably as tiny Omega loops 
in the overall toroidal field system that rise buoyantly through the surface, similarly to the 
much larger ones that produce active regions with bipolar spot pairs.  They seem to emerge 
randomly in the activity belts but not near the poles.  The emerging pairs are most easily 
detected in internetwork regions where they pop up in isolation.  They are then seen to 
split; the two components are then transported in random-walk fashion along with the 
supergranular flows to the cell boundaries.  Underway they frequently suffer same-polarity 

merging and opposite-polarity cancelation, but enough survive and make it to the net-
work to replenish all its magnetic flux on a time scale of one to a few days, while a similar 
amount of flux vanishes though cancelation (Schrijver et al. 1977).
 
Merging enhances their local field strength. Apparent cancelation can be due to fields 
with U-loop shape rising through and out of the surface, with the observed surface 
cross-sections of their legs appearing to move together and vanishing. Similarly, appar-
ent cancelation may result from fields with inverted U-loop shape sinking below the sur-
face.  Other cancelation can occur in small-scale magnetic reconnection in which only 
the net surplus of the polarity with larger flux remains visible.  Operating at small scales, 
these processes are probably also important in shredding and converting larger-scale 
magnetic fields to the small scales where Ohmic dissipation can remove them, hence 
in doing away with the flux that surfaces at large activity and is not spilled into space 
by CMEs etc. A good discussion of these processes and their role in flux spreading and 
removal is given in Chapt. 6 of Schrijver and Zwaan (2000).

Numerical simulations suggest that the weak granular internetwork fields found with 
Hinode are insufficient to play a direct role in the overlying chromosphere (Martin-
ez-Sykora et al. 2019).  However, Gošić et al. (2014) have used sensitive multi-day Hi-
node spectropolarimetry to show that also these weak features tend to drift per random 
walk to the supergranular cell boundaries, suffering much merging and cancelation un-
derway. In merging the combined weak field may become strong enough to suppress 
internal convection and “collapse” into kilogauss tube-like MCs which may so contrib-
ute to strong-field network as seen in Fig. 3.2. Gošić et al. (2014) found that weak-field 
merging dominates markedly over cancelation and that the resulting net quiet-field con-
tribution can replenish all network flux within one day, competitive with ephemeral re-
gions.  The picture so emerges that larger-scale unipolar network and plage patterns are 
found where equatorial field in the form of ephemeral regions or polar field in the form 
of polar faculae win the competition with the weak-field granular dynamo producing 
salt-and-pepper bipolar network.

The full-disk magnetograms and their cut-out enlargements in the second column of 
Fig. 3.2 demonstrate resulting strong-field plage and network patterns.  The high activity 
sampled in the first-row magnetogram has extended dominating-polarity plage areas 
along the activity belts but fewer MCs with more salt-and-pepper appearance and less 
cellular patterning in faculae towards the poles.
The medium activity sampled in the second magnetogram shows similar but lower am-
plitude patterns.  The low activity sampled in the bottom magnetogram shows salt-and-
pepper sprinkling all over the disk, with only one minor active region in the North-East.
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Quiet bipolar network produced by local dynamo action on granular scales does not 
vary with cycle phase or latitude.  Ephemeral regions tend to emerge preferentially in 
the activity belts and produce bipolar network in addition to the more active unipolar 
network and plage found in and near active regions that resulted from much larger toroi-
dal-system loop emergence.  Thus, active region network and plage as well as quieter 
network produced by ephemeral regions occupies the activity belts and is modulated 

along with the cycle, with the sunspot number a valid proxy.  Similarly, where polar field 
emergence dominates over the granular dynamo the number of polar faculae represents 
a valid proxy (Munoz-Jamarillo et al. 2012).

Small-scale magnetism and the heliosphere. Fig. 3.4 is a companion to Fig. 3.2.  It 
shows corresponding heating patterns in the outer solar atmosphere: the chromosphere 
in the middle column, the corona in the third column.
For these diagnostics brightness implies the presence of 100 000 K gas (304 Å) and of 
1 million K gas (171 Å), respectively. The top row sampling high activity shows activity 
belts dominated by active regions, especially on the Southern hemisphere.  These harbor 
dense clusters of 304 Å emission (here truncated by greyscale clipping).  In 171 Å they 
show much closed connectivity in the form of coronal loops. Towards the poles the heat-
ing appears more homogeneous, showing grainy patterns in 304 Å that correspond fairly 
close to the underlying magnetic network patterns (compare the 304 Å insets with the 
magnetogram insets).  Towards the poles the 171 Å image shows more diffuse million-K 
brightness with many polar plumes (bright outward stalks). The 171 Å cut-outs retain 
only slight and diffuse underlying network signature.  
The middle row shows similar scenes but with an extra component: coronal holes that 
are visible in both the chromospheric and coronal images. They include an extended 
polar cap one at the South pole.
Comparison with the magnetogram at left shows that the holes tend to neighbor uni-
polar plage. The 171 Å insets show better (but diffuse) correspondence with the 304 Å 
ones here.

The bottom low-activity row shows more common regular polar-cap holes, in the chro-
mosphere regular network-size blobs everywhere, roughly representing a map of the 
supergranulation.  The corona shows much less loop connectivity but yet there is 1-mil-
lion K heating everywhere, with isolated grainy patches of extra heating of which some 
coincide with bright 304 Å enhanced-heating grains.

The precise mechanisms through which small-scale MCs govern this overlying heating 
are not yet identified, but most likely they are a mixture of magnetic reconnection and 
Alvénic wave and shock generation and dissipation. In larger-scale eruptions as flares 
and surges reconnection plays a key role.  On the smaller scales discussed here it is now 
well established that small Ellerman bombs in active regions are due to opposite-polarity 
MC cancelation marking strong-field reconnection, both observationally (Watanabe et 
al. 2011) and with numerical simulations (Hansteen et al. 2019). In quiet network well 
away from active regions similar but smaller “Ellerman-bomb like” reconnective can-

Fig. 3.4.  Companion to Fig. 3.2 showing the corresponding chromosphere and corona for the same 
observing moments sampled in the three rows. The first column repeats the HMI magnetograms in 
the center column of Fig. 3.2.  The second column shows the overlying chromosphere with AIA 304 Å 
images which sample the He II Lyman-alpha line formed at temperatures around 100 000 K.  The third 
column shows the overlying corona with AIA 171 Å images which sample Fe IX and Fe X lines formed at 
temperatures around 1 million K.  The brightest parts of the AIA images are clipped to enhance quieter 
areas.  The full-disk images are less cropped than in Fig. 3.2 to admit off-limb features in the 171 Å imag-
es.  The fourth cut-out (at bottom left per panel) therefore includes the limb.
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celation events were detected with the SST (Rouppe van der Voort et al. 2016) and then 
also in simulations (Danilovic 2017).

Much more ubiquitous are so-called “spicules type II” that emanate from all network 
including monopolar network and also in coronal holes; the latter are easier detected 
as off-limb spicules through less closed-field confusion.  Their tips may reach coronal 
temperatures (off-limb: De Pontieu et al. 2011; on-disk: Henriques et al. 2016).  Recent 
simulations including ion-neutral separation (Martinez-Sykora et al. 2018) suggest that 
these are not produced by kilogauss MC cancelation but as shocks from tension release 
of complex tangled weaker fields.  These spicules are probably a major contributor to 
quiet-Sun heating.

Within coronal holes, in particular polar ones, the production of solar plumes that may 
also govern the fast solar wind is attributed to opposite-polarity cancelation against net-
work MCs (Wang and Sheeley 1995).

The largest-scale eruptive effect of network and plage outside active regions concerns 
quiet-Sun filament formation and eruption into coronal mass ejections (CME). Away 
from activity, filaments form above polarity dividing lines between extended oppo-
site-polarity regions as those in the magnetograms in the top and center rows of Fig. 3.2, 
in particular dividers where closed fields arch away on both sides. Filaments may then 
live for months but suddenly snap into CME-producing eruptions from tether cutting by 
pattern changes including new flux emergence.  The CME catalogs compiled and com-
pared in detail by Lamy et al. (2019) show that from cycle minimum to maximum the 
overall CME frequency increases tenfold, while the latitudes where they occur spread 
from only near the equator to all latitudes, with polar crown filaments during cycle maxi-
mum.  Twice more CMEs result from erupting filaments than from flares, but the highest 
source-region correlation is with coronal streamers.  Thus, the large-scale polarity pat-
terns as in the high-activity magnetograms in Fig. 3.2 play a pivotal role.  Such patterns 
are absent in the minimum-activity magnetogram at the bottom.  Indeed, the observed 
daily CME production rate tracks the sunspot number quite well and without delay, so 
that both active-region and quiet-Sun CME production can be handled with this proxy.

Telescopes for large-field, high-resolution imaging of the sun.* Several full-disk tele-
scopes with medium resolution follow the sun, earth bounded and in space.  
* Section written by R. H. Hammerschlag. 

Small full-disk telescopes follow the sunspots and in this way solar activity already 
several hundred years. Continuation in the same way is very meaningful, because the          

combination with observations of modern large telescopes and space telescopes im-
proves the interpretation of the old observations and the explanation of the changes in 
the old observations. The space telescopes give additional information with images in 
the ultraviolet, specifically of the outer atmosphere of the sun, the corona with high-ve-
locity, high temperature thin gas producing the UV light. Satellites, able to travel far 
away from the earth, can be brought in a solar orbit over the solar poles and make images 
of the polar regions at right angle above the solar surface. This is impossible from earth 
and near-earth satellites because of the earth orbit around the sun near the solar equator. 

Modern large-aperture telescopes make high-resolution images of small fields on the 
solar surface. The Swedish Solar Telescope (SST) makes excellent high-resolution images 
in the visual spectral region, even in the short violet wavelength range. The imaging dif-
fraction limit for resolution is the wavelength of the used light divided by the diameter of 
the entrance aperture of the telescope. The angular resolution in radians is found by this 
division. Multiplication with 3600x180/π converts the radians to arc seconds. This res-
olution is the point where the optical transfer function goes to zero. In reality, one does 
not completely reach  this point for the visibility of image details. This value was multi-
plied by the factor 1.22 as practical limit for separate visibility of 2 light points, the Ray-
leigh limit for resolution. Modern electronic techniques for contrast enhancement can 
reduce this factor a little bit. The really reached resolution is reduced by already small 
temperature differences, in the order of 0.1 degree Celsius, of the earth atmosphere, 
hence the air, where the incoming primary beam goes through, the so called seeing. The 
decrease of resolution by seeing can be reduced by Adaptive Optics (AO) and speckle 
reconstruction techniques by using a set of raw images to form one image with improved 
resolution. To obtain sharp images in short wavelengths and using the high diffraction 
limit of short wavelengths is much more difficult, both concerning seeing and required 
quality of the optical parts, in particular the shape precision. This difficulty increases 
with shorter wavelength much faster than expected. The recent DKIST images are in the 
near infrared, 789 nm is written in the website pages with the first images. Already the 
NST at the Big Bear Solar Observatory, the precursor of the DKIST, became a telescope, 
which makes its images in the near infrared. The same is seen for other high-resolution 
telescopes with best images in the near infrared. Large buildings are directly underneath 
the telescopes. Buildings disturb the seeing, because wind drives the warm air from the 
ground upward to the telescope and above the telescope, where the primary beam comes 
in. Wind is required. Without wind, the warm air from the ground reaches always the 
telescope because of the upward drive with lower specific gravity. This results in warm 
air plumes hundreds of meters high when no wind. The SST is the largest vacuum tele-
scope. The combined entrance window and imaging lens of 1m diameter is on top of the 
telescope, a compact unit, called Turret, on a very slender tower compared to the large 
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buildings underneath other telescopes. A schematic drawing of the SST with the optical 
layout is in Fig. 3.5. A photo of the SST in the yellow flowering Codeso field is in Fig. 3.6. 
The control building of the SST at the base of the tower is very flat and low and does not 
stick upward significantly from the ground. No dome is around the Turret. Consequent-
ly, the Turret and its drives have to be stiff enough against wind during observations with 
gusts up to 20 m/s (70 km/h) and strong enough for storms up to 70 m/s (250 km/h). 
Higher wind speeds than 20 m/s occur only with bad cloudy weather which is not of 
interest for observations. Storm Delta during the night from 28 to 29 November 2005 
was up till now the heaviest, with measured wind speed of 68 m/s. It was from origin a 
tropical storm of the Caribbean region, which crossed fast the Atlantic Ocean to the East 
instead of moving to the North, possible at the end of the tropical storm season in autumn. 
A well-known predecessor of this telescope was the Dutch Open Telescope (DOT), the 
first one that was expected to operate in the open air and thus to be more or less free 
from the disturbing effects of scintillation.  See Figs. 3.7 and 3.8. The DOT was operat-
ing at the observatory of La Palma and was, as forerunner of the open telescopes, quite 
successful.

Fig. 3.5. Schematic setup of the 
SST. The successive optical and 
motion components are: singlet 
lens as entrance vacuum window 
and optical pupil – first folding 
flat mirror – pivot-joint with hori-
zontal axis (elevation) – second 
folding flat mirror – pivot-joint 
with vertical axis (azimuth) – in 
detail A: primary image on the 
field mirror at the left side – in 
detail B: pupil image with Schup-
mann corrector consisting of 
a negative lens with focusing 
stage, followed by a concave 
mirror in nearly auto-collima-
tion – in detail A to the right: the 
corrected 1:1 image on the field 
lens as exit vacuum window – in 
detail C: second pupil image with 
tip-tilt mirror followed by the AO 
deformable mirror and re-imag-
ing lens.

Fig. 3.6.  The Swedish Solar Telescope (SST) at the Observatorio del Roque de los Muchachos (ORM) at 
an altitude of 2360 m. The area is free to the ocean between west (left) and north-east. Wind speeds of 
just a few m/sec (e.g. 2 m/sec) up till 20 m/sec from over the ocean or from over a layer of clouds above 
the ocean permit excellent seeing conditions. The relatively slender tower of 17 m height (right) has on 
top the so-called Turret, which consists of an entrance lens of 108 cm – clear aperture 97 cm – and two 
folding mirrors under 45° of 1.4 m diameter. This system directs the light downward through a steel tube 
in the tower to an optical lab in the basement of the building. The light path from the entrance lens to 
the optical lab is evacuated to eliminate image disturbance from air-temperature fluctuations inside 
the telescope. The entrance window is visible as a black ellipse on top. The Turret is made as compact as 
possible around the optical beam. Consequently, its outside shape shows the two folding mirrors under 
45° with one pivot-joint with the horizontal axis – the elevation axis – between the two mirrors and 
another pivot-joint with the vertical axis – the azimuth axis – just underneath the second mirror. The flat 
round piece to the left is a counterweight to balance the azimuth axis. The lid to cover the entrance lens 
can be seen with its support system on top of the tower at the very right. At the left side of the picture 
one can just see the Dutch Open Telescope (DOT), likewise a high-resolution solar telescope, but with a 
contrasting principle: the primary light beam ‘inside’ the telescope is as open as possible for air flushing 
by natural wind. Both principles prove to be very successful on La Palma. Despite the telescopes’ differ-
ence in principle, the SST gears are a further development of these of the DOT.
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Summary. The observational aspects of the physics of the solar dynamo are  introduced. 
The essential feature is a phase diagram with as abscissa and ordinate the proxies of the 
values of the toroidal and poloidal magnetic field components. In that diagram the dyna-
mo system appears to occasionally  cross a well-defined point: the Transition Point. Such 
crossings occurred five times during the past millennium. Each of these crossings preceded a 
Grand Episode, either a Grand Minimum or a Grand Maximum. In addition to these two 
types of quasi-periodic behaviour, a third type consisting of weaker quasi-regular oscilla-
tions  around the Transition Point’s coordinates is identified. 

Evolution of the solar dynamo. The solar dynamo  is a nonlinear system with chaotic 
elements (Weiss 1987, Feynman and Gabriel 1990, Ostryakov and Usoskin 1990, Krem-
liovsky 1995, Usoskin and Mursula 2003, Duhau 2003, Weiss and Tobias 2004, De Jager 
2005, Arlt et al. 2007a, 2007b, and others).  One aspect of the dynamo is  that the polarity 
of the sun’s magnetic field changes sign around the maximum of each Schwabe cycle.   

The problem that we investigate in this Chapter is if it is possible to describe the observed 
variation of the dynamo system with time, and on the basis of its nonlinear character, 
and in spite of its chaotic aspects. As already described in Chs. 1 and 2, the essential as-
pects of the dynamo are the strong magnetic fields that are generated in the tachocline, 
at the bottom of the convection region. Magnetic loops, detached from it or formed 
elsewhere in the convection zone, may rise and appear at the surface. Thus, the dynamo 
system is a nonlinear interplay between the poloidal and toroidal field components of 
the dynamo (see e.g., Knobloch et al. 1998, Beer et al. 1998,  Durney 2000, Dikpati et al. 
2004, 2006). 

In this Chapter, the evolution of these fields is deduced from the variation of the varia-
bles Rmax  (or its equivalent Gnmax) and aamin respectively. As introduced in Chs. 1 and 2,
these are  the proxies for the toroidal (equatorial) and poloidal (polar) components of 
the solar magnetic system. The discussion of this evolution will be handled in depend-
ence of the long-term variations of the dynamo’s toroidal and poloidal magnetic varia-
bility. Here,  these series are extended over the past millennium on the basis of an ana- 

Ch. 4.  The phase diagram of the solar 
dynamo and the transitions between Grand 
Episodes*

* Partly based on a paper by Duhau and De Jager (2008).
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is increased. It differs by less than 5% from the value of the long-term variation in 1923 
when that would have been computed from the long (1800 years) time series. The decad-
al oscillations and the long-term variation during the period 1610 – 2006 were obtained 
earlier and by subtracting their values in 1923 from the long-term variation, the Gleiss-
berg cycle was computed. Since the observational data were smoothed with an 18 years 
smoothing technique (cf. Ch. 7), the actual results are for the period 1630 to 2006. 

The results are shown in Figure 4.3, but they are also visible in Figs. 1.5, 4.1 and 4.2.
Characteristic elements are the Maunder Minimum of which the lowest Rmax values oc-
curred between 1640 and 1710, the recent Grand Maximum, peaking around 1960, and 
a fairly long (≈ 200-year) period of quasi-regular oscillations between these two. Note-
worthy is  that the durations of the Grand Minima and Maxima approach  the length of 
the Gleissberg cycle, although they are not exactly equal to it. A crucial year is 1923. The 
amplitude and length of the oscillations changed significantly after 1923 (cf. Figure 4.3). 

lysis by Nagovitsyn (1997, 2006, 2007). We will find that a helpful way for analysing the 
evolution of the solar dynamo system is a two-dimensional phase diagram, that shows 
the relation between the proxies of the poloidal and toroidal components of the dynamo 
field. By studying the time series of these proxies while subjecting them to a formalism 
based on the Morlet wavelet representation, they are split here in two parts, on decadal 
and longer-term time scales. This analysis will allow one to describe long-term solar 
activity evolution, thus contrasting and improving the results based on other nonlinear 
methods that state that the horizon of predictability is only a few years (e.g. Ostryakov 
and Usoskin 1990, Sello 2001, and references therein). The results that are presented 
here  agree with those of Ogurtsov (2004) that are also based on a nonlinear method. 

Decomposition of the proxy data. Solar activity shows a number of components, as 
summarized in Table 1.1 (cf. also De Jager 2005): The Schwabe, Hale, Gleissberg, Suess 
(de Vries) and Hallstatt cycles, with average periods of ≈ 11, 22, 88, 205 and 2300 years, 
respectively, are the most prominent ones. Duhau and Chen (2002), who decomposed 
the proxies of the two magnetic components on the basis of Morlet wave base functions, 
found three classes of their components with periodicities that are harmonics or subhar-
monics of the basic components: the so-called Schwabe, decadal, and long-period (sec-
ular) components. The division year between the decadal and long-term components is 
situated between ≈ 65 and ≈ 85 years. 

In the following the solar activity variation will mainly be studied for the period during 
which reliable modern observations are available: i.e. the period between 1610 (first tel-
escopic solar observations) till present, but occasionally we will refer to earlier, medieval 
observations. Solar variability during that period up to present is shown in Fig. 1.5,  after 
Stuiver and Quay (1981). For comparison we add similar diagrams showing the varia-
tion of aa and its minimum values (Fig. 4.1, due to Mayaud 1972) and of the  sunspot 
number (Fig. 4.2, from Nagovitsyn  2007) to which the envelope of the maximum values 
has been added. 

A well-observed period : 1610 – present. Securing instrumental data of the geomagne- 
tic index, viz. the  aa time series, started in 1844. The relationship between aamin and Rmax 
(Gnmax)  for the period 1844 – 2000 was analysed by Duhau and Chen (2002), who found 
that in 1923 a sudden change occurred in the decadal oscillation and in the Gleissberg 
cycle, the latter being defined, for the purpose, as the long-term variation from which 
its value in 1923 was subtracted. It is significant to realize that the same result would 
not have been found when, instead of subtracting this constant value from the long-
term variation, one had subtracted the linear trend. However, this trend does approach 
a constant value that is very close to the 1923 value, when the length of the time series 

Fig. 4.1.  Variation of the geomagnetic index aa between 1100 and 2000, derived by Mayaud (1972) from 
several sources (thin line). The thick curve shows the minimum aa values. 

Fig. 4.2. The Nagovitsyn (2007) time series (thick line) together with the maximum sunspot number 
envelope computed by Duhau, 2003; thin line). 
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The sunspot cycle maximum (cycle #15) that is discussed here,  occurred in the begin-
ning of the polar cycle that was peaking in 1923. Another aspect of that year was that 
the decadal oscillations in the  aamin  values were close to zero during a period that lasted 
from prior to the maximum of cycle #15 until after that of cycle #16 (Fig. 4.3).  Hence, 
the amplitude of the 11-year polar cycle was at that time given by the constant level in 
Fig. 4.4a (i.e. aamin = 10.28 nT). At that time an abrupt change in the amplitude of the 
Gleissberg cycle occurred. Also, the decadal oscillations in the annual means of Rmax (Gnmax)
were simultaneously approaching zero in 1923: the values of the decadal variation 
around 1923 differ from zero by less than 1%. After that year both Rmax (Gnmax) and  aamin 
increased in length and amplitude (cf. the lower curves in Fig. 4.3).  These sudden chang-
es in the oscillatory behaviour that occurred simultaneously in the two coordinates are 
other manifestations of the nonlinear nature of the solar dynamo. 
Another aspect, that may also be important for understanding the solar dynamo, is that 
before sunspot cycle maximum #15 the maxima of the decadal cycles occurred during 
each even numbered sunspot cycle, while the minima occurred during the odd num-
bered ones. Therefore the period of the decadal cycle was about 22 years, which is the 
regular Hale cycle length. After sunspot cycle #16 the length of the decadal cycle in-
creased sharply, occurring just during the polar cycle that was active between cycles #15 
and #16 and peaking during the 1923 geomagnetic minimum.  Therefore the conclusion 
is that the observed change of behaviour around 1923 was very rapid and that the period 
of change did not last longer than the polar Schwabe cycle that peaked in 1923. 

The evolution of the magnetic field components with time. We first discuss the Gleiss-
berg cycle. While in the 1630- and 1923-cases a strong change in the quasi-periodic 
behaviour occurred simultaneously in the decadal oscillation as well as in the Gleissberg 

cycle, the same did not occur in the 1788-case. This fact indicates that the condition 
for a Grand Episode to occur, either a Grand Minimum or a Grand Maximum, is that 
long-term variations in aamin and Rmax (Gnmax) assume simultaneously values that are very 
close to those in 1923, while simultaneously the decadal oscillation is small or near zero. 
Therefore we will call the pair of values (aamin, Rmax ≈ 10.26, 93.44) a ‘Transition Point’ 
(TP). The precise values of these data are determined later in this Chapter.
 
It also appears from Fig. 4.3 that at the end of the Maunder Minimum two complete 
Gleissberg cycles of moderate amplitude and period started at different dates: 1721 and 
1830 for the polar and the toroidal components, respectively. 

To conclude, the well observed Grand Minimum and Grand Maximum of the 17th and 
20th centuries are pronounced in the long-term oscillations, with a period of more regu-
lar oscillations in between. The year 1923 marks a change, when the regular oscillations 
were succeeded by the Grand Maximum of the 20th century. It may be significant that 
around that year the decadal oscillations in aamin and Rmax (Gnmax) were close to zero. 

The solar dynamo during the past millennium. Guided by the observations presented 
in this Chapter, the past millennium is analysed. A helpful way to study the time changes 
of the toroidal and poloidal components of the dynamo’s magnetic field is by plotting 
their  proxies in an Rmax (Gnmax) versus aamin diagram (Duhau and Chen, 2002, fig. 3 in 
Duhau, 2003)  cf. our Fig. 4.4. This diagram plots the proxies of the two magnetic fields 
along the abscissa and ordinate respectively, and it has therefore the properties of a phase 
diagram. It  may also be viewed as a representation of two quasi-harmonic motions with  
a phase difference.

The dominant features in this diagram (Fig. 4.4) are the two kinds of episodes: the large 
upward loops (H) during which the dynamo passed through a Grand Maximum and the 
downward loops (M) corresponding to Grand Minima. In this Chapter (cf. also Table 
4.1) M-2, M-1, and M indicate the Wolf, Spörer, and Maunder Grand Minima and H-2, 
H-1, and H designate the Grand Maxima in the 12th, 14th, and 20th centuries, respec-
tively. Apart from these episodes there is a third kind of episode, consisting of loops with 
smaller amplitudes. They appear to occur when the track happens to just miss the TP 
during its return to this point after a Grand Episode. The best observed case is the oscil-
lation between 1721 and 1923 (cf. Figs.  4.1 - 4.3 and 4.4-d), but similar episodes started 
in 1171 and 1525 (cf. again Figs. 4.1 – 4.3). 

Fig. 4.3.  The decadal oscillation and the Gleissberg cycle in aamin (heavy lines) and Rmax  (= Gnmax ; light 
lines) respectively. The points and stars at the peaks of the decadal oscillations indicate the times of 
sunspot maxima and geomagnetic minima since 1705 and 1844, respectively. The Gleissberg cycles 
were computed by subtracting, from the long-term variations in aamin and Rmax (Gnmax), their values in 
1923: 10.28 nT and 93,44 respectively.   The three thin vertical lines indicate the dates during which the 
Gleissberg cycles in both components were simultaneously equal to zero. The two even numbers indi-
cate the leading even cycle of the two pairs of sunspot cycles that violated the odd-even rule since 1705.
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A characteristic of this latter kind of episodes is the fact that the path performs a closed 
system of quasi-elliptical loops to finally hit the TP in the various diagrams. We will des-
ignate this type of episodes the R (Regular) type. Those starting in 1175, 1525, and 1721 
will be identified by R-2 through R, respectively.

The lengths of the three kinds of episodes cannot be determined very precisely, apart 
from those cases in which the relevant episode starts and ends in the TP. Such is the case 
with the M-2 and H-1 episodes. In computing an approximate value of the durations for 
the other cases those data were chosen in which the path crosses the TP abscissa (cf. Fig. 
4.4). The values are given in Table 4.1. Most of them are in the range of the Gleissberg 
period. There are two cases in which they are fairly close to twice the Gleissberg period. 
None of them has the length of the Suess (de Vries) cycle, because the length of that 
cycle, as determined by several authors, is single peaked and it varies only between nar-
row limits. The Gleissberg cycle is doubly peaked, variable, and broadly banded (cf. the 
review by De Jager 2005, p. 233).

The Transition Point in the phase diagram. Above, we introduced the notion ‘Transi-
tion Point’ for the points of which the coordinates mark the onset of a Grand Episode. Its 
numerical values are fairly close to those of the long-term variation in 1923.  There are 
more of those events in which a ‘Grand Maximum’ (as in 1923) or a ‘Grand Minimum’ 
(as in 1630) started.  This happened when the coordinates of this point were equal to 
the 1923-values to within less than 1% in the phase diagram of the long-term variation. 
These cases, with the TP’s  coordinates in the phase diagram, are listed in Table 4.2.  

The bottom rows give the average value of the TP coordinates, next to the one-σ mean 
errors, and the last column presents the character of the episodes preceding and follow-
ing the transition through the TP. Of these the 1923-event is one of the two best studied. 
It is not only the point into which the paths of the R episodes eventually return, but it 
also marks a phase transition (Duhau and Chen, 2002) during which the path changes 
suddenly in relative amplitude, while around that year the decadal oscillations in both 
coordinates practically reduce to zero. These observations allow one to improve the pre-

Fig. 4.4.  Four phase (Rmax, aamin) diagrams covering solar variations during  the past millennium. They 
show the long-term variation in the sunspot cycle maxima (Rmax, characteristic for the toroidal compo-
nent of the solar dynamo)  versus those in aamin (poloidal component) for the four intervals (a) 1105 
– 1349, (b) 1349 – 1525, (c) 1525 – 1730, and (d) 1721 – 1990. The horizontal and vertical lines corre-
spond to the abscissa and the ordinate of the transition point (TP) (10.34, 93.38); see Table 4.2. The years 
printed in bold characters are those in which the path crossed the TP; others correspond to the nearest 
approach of the path to the TP abscissa. The sense of motion along the paths is shown by thin lines 
(counter clockwise) and thick lines (clockwise).

Table 4.1.  Lengths of the various episodes in years.

Type of episode  M H R

  -2 119 ~80 59

  -1 176    56 105

   0 91 ~80 204

Year aamin                 Rmax(Gnmax) Episode

1230 10.01 90.61 R-2 to M-2

1349 10.37 93.23 M-2 to H-1

1405 10.54 94.52 H-1 to M-1

1630 10.22 95.12 R-1 to M

1923 10.26 93.44 R   to  H

Averages:       10.34 93.38

Mean errors(σ)     0.08  0.69

Table 4.2.  Observed coordinates of the transition point, its average values, and the one-σ mean errors. 
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cision  of the definition of the TP, as the point in the phase diagram, defined by two 
conditions: 
i) The long-term variations in aamin and Rmax  (Gnmax) start when their values are close to 
those of the Transition Point coordinates; specifically, when they differ from these coor-
dinates with less than 1% of the statistical error (Table 4.2).
ii) The amplitude of the decadal variation in aamin is close to zero (to within less than 1% 
of the TP’s value) whereas that in Rmax passes through zero. Hence, the odd-even rule is 
fulfilled for these transitions (cf. the lower curves in Fig. 4.3). 

Condition i) appears to be valid for all five cases that occurred during the last millen-
nium and condition ii) is only well documented for the 1923 case. However there is a 
well-documented counterexample (the case of 1788) for which condition i) was fulfilled 
while condition ii) was not. In that case a phase transition did not occur. This gives some 
support to the working hypothesis that the necessary and sufficient conditions for a tran-
sition to a Grand Episode to occur, are the two conditions discussed here. 

Transitions between the various Episodes. Returning to the 1923-transition between 
the R-type and the H-type episodes, it appears that around that year a sudden change oc-
curred in the parameters of the long-term component of the Gleissberg cycle, while the 
decadal oscillation is practically reduced to zero. Table 4.2 shows that such transitions 
took place five times during the past millennium. We designate these transitions as G 
(Grand)-type, because they are followed by Grand Episodes. Another type of transition 
happens when the path, when returning toward the TP, slightly misses it, while an R-type 
episode starts thereafter. Table 4.3 lists three such transitions, together with the differ-
ences between the point of closest approach (expressed in one-σ values of the transition 
point coordinates) and the types of episodes concerned. We call these C-type transitions. 
The difference between the two types of transitions is that a G-type transition (Table 
4.2) is exclusively followed by a Grand Episode, whereas a C-type one is always followed 
by an R-type episode. In the phase diagram the necessary and sufficient condition for 
a G-type transition to occur, is that the path is precisely drawn through  the transition 
point with a deviation that is not larger than two-σ values. A larger difference in the path 
toward the transition point signals a C-type transition, preceding an R-episode (Table 
4.3). The duration of these transitions is not yet certain. From Tables 4.2 and 4.3 one may 
infer that it is of the order of a Schwabe cycle but precise information cannot be drawn 
from these three cases. We remark that the dynamo system is presently (early part of 
the 21th century) undergoing a transition from the past Grand Maximum (H) toward 
another episode; cf. Chapter 7). The ongoing observations may provide empirical data 
on this transition. 

The transition state. A G-type transition occurs always after the years during which the 
long-term variation crossed the TP (condition i). There are indications that condition 
ii is then simultaneously fulfilled. In that case the amplitude of the decadal variation in 
aamin is close to zero, with differences to within less than 1% of their  TP’s value, whereas 
that in Rmax  (also called Gnmax) passes through zero.  In these cases the odd-even rule 
is fulfilled. This means than the transition occurs in those polar cycles of which  the 
amplitude is equal to the TP’s abscissa, while the average amplitudes of the preceding 
and following toroidal cycles are very close to the TP’s ordinate. These properties of the 
poloidal - and toroidal cycles around the transition date indicate that the corresponding 
dynamo state is a well-determined one. A striking feature in Fig. 4.3 is the fact that the 
path is asymmetrical in the coordinate system in which its origin is situated in the TP.   
The loops in the first quadrant are smaller than those in the third, and the path passes 
from the first to the third quadrant mostly to the right of the TP coordinates (the fourth 
quadrant). This feature indicates that the solar dynamo has an intrinsic asymmetry. 

Another way to look at these episodes and the transitions between them can be derived 
from the phase diagram. The amplitudes and hysteresis of the quasi-ellipses may sud-
denly change when passing by or slightly missing the TP, and when it so happens that 
the final state of the amplitude and hysteresis of the newly formed loop does not depend 
on the actual value of the coordinates of the path at that instant. These facts shows how 
sensitive to the initial conditions the future path is in the phase space of the dynamo sys-
tem. It again illustrates the typical characteristics of a nonlinear system with its ‘chaotic’ 
transitions (Duhau, 2003). As the phase diagrams represent the long-term evolution of 
the amplitude of the  Schwabe cycle in the toroidal (ordinate) and poloidal (abscissa) 
components, the transition point is a limit circle. 

Table 4.3.  Duration of C-type episodes. The Table gives the years of closest approach to the transition 
point, both for the abscissa and the ordinate. The difference between the coordinates of closest appro-
ach and those of the transition point are expressed in one-σ values. The duration of the transition peri-
ods is found as the time between the year of closest approach and that of the start of the corresponding 
R-type episode. Three such cases are described. 

Year aamin          Δaamin/ σ          Rmax         ΔRmax/ σ     episodes   time delay

1165        11.28 1.25          93.75        0.54

1171        10.27       0.16          88.26        7.10 H-2 to  R-2       6

1525        10.33       0.13          88.32        7.19

1540        11.75       1.76          93.34        0.07       M-1 to R-1       15

1721        10.21       0.29         80.56         4.06

1730        11.98      2.05          93.35         0.04      M    to  R          9
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Hence, there is  evidence that the solar dynamo system is characterized by one transition 
state. Its coordinates (expressed in the proxies for the two magnetic field components) 
are determined with good precision. The system frequently makes episodic excursions 
to deviating conditions. Three kinds of such episodes have been identified. Their dura-
tions are one or two times the Gleissberg cycle length. There are brief transition phases 
between such episodes. Of these we have identified two types. There are weak indica-
tions that these transition phases may last for a time of the order of the Schwabe cycle. 

Conclusions. This Chapter describes an observational analysis of the non-linear charac-
ter of the solar dynamo and its chaotic elements that characterize solar activity (Krem-
liovsky 1995, Weiss and Tobias 2004).  This is based on the observations of the proxies of 
the poloidal and toroidal magnetic field components during the past millennium (Rmax 
or Gnmax and aamin). For the last-discussed time series the more recent data are more re-
liable than the earlier ones. By means of a Morlet wave representation these two proxies 
are decomposed into decadal and long-term components.

There are weak indications for the existence of a decadal component. It consists of the 
Hale cycle and its harmonics and subharmonics, whereas the long-term one is based on 
the Gleissberg and Suess (de Vries) cycles and their harmonics and subharmonics. Both 
the long-term poloidal and toroidal components of the dynamo show striking periods of 
extreme amplitudes: the Grand Maxima and Minima. In the contrary, the decadal signal 
is weak and sometimes even absent during Grand Minima. The Maunder Minimum is 
a well-studied case.

Fig. 4.4 illustrates the diagnostic value of a phase diagram (aamin, Rmax). Its study shows 
that the dynamo is characterized by one well-defined Transition Point, which is regu-
larly but not often crossed (five times during the past millennium). In addition, there 
are three quasiperiodic states: their oscillating behaviour are called the M-type, the 
H-type, and the R-type. Their durations are one or two times the Gleissberg cycle length. 
A well-studied year is 1923 in which a transition occurred between two centuries of 
Regular Oscillations and the Grand Maximum of the 20th century. Around that year the 
decadal oscillations in aamin and Rmax  (Gnmax) were close to zero. That year preceded the 
Grand Maximum of the 20th century. 
There are brief transition phases between such episodes. Of these two types are identi-
fied. They depend on the distance of the path in the phase diagram to the TP at the mo-
ment of maximum approach, when returning to it: A Grand Episode occurs always (G 
transition) when the distance of the path to the TP is less than 1%; otherwise the transi-
tion leads to a regular episode (C transition) during which the path finally returns to the 

TP. Although in the last case there are weak indications that these transitory phases may 
last for the Schwabe cycle length, the transition occurs in the first case exactly during the 
polar Schwabe cycle that has an amplitude equal to the TP abscissa value, whereas the 
average amplitudes of the preceding and following toroidal cycles are close to those of 
the TP ordinate. This indicates that the TP point corresponds to a well-defined dynamo 
state. 
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Minimum. When the distance to the transition point is slightly larger than the one-sig-
ma values, then the new Episode will be of the Regular type. 

We next turn to the present situation. Fig. 5.2 is a  phase diagram, based on observational 
data covering the period 1920 till 2007 (copied from De Jager et al., 2016). It shows that 
in 2007 the curve closely approached but did not really hit the Transition Point. Hence 
we conclude that the forthcoming Grand Episode will be of the Regular type, more or 
less comparable to the Episode that existed between the Maunder Minimum and the 
Grand Maximum of the 20th century. These Regular Episodes use to last for two Gleiss-
berg cycles, hence we may expect the coming one to last for the next two centuries too. 

More details on the present Transition. Detailed information on the Transition is now 
available.  In the history of solar research this transition is the first that could be studied 
with modern techniques. Cf. De Jager et al. (2016). We summarize some of the main 
results. 

The long-term  variation of  the umbral  magnetic fields of sunspots has been determined 
since the eighties of the last century in measurements by Penn and Livingston (2011), 
Livingston et al. (2012), Nagovitsyn et al. (2012). The latter data are also at the basis of 
Fig. 5.3, presented here.  The diagram is remarkable because of the apparent decrease of 
the average umbral field around 2005, which is during the recent Transition. This hap-

Summary: We describe the main elements of the well-studied recent Grand Transition that 
took place during the first decade of the 21st century, between Schwabe cycles  #24 and #25. 
The first indications for a transition were already visible, some twenty years earlier, in the 
eighties. We describe the expectations for the forthcoming Grand Episode. It will be one of 
the Regular type. This Episode may last for the  whole present millennium.  

Ejnar Hertzsprung (1944): “Extrapolations are not permitted”. 

A coming Grand Transition. In the first years of the present  (21th)  century something 
peculiar was happening in the sun. That became clear when the total solar radiation 
related to the two magnetic fields (polar and equatorial) decreased unexpectedly.  And 
it stayed at a fairly low level for some ten years. That feature gave – among others – rise 
to the suggestion that the present warming of the earth would decrease – or at least 
increase at a slower rate - from then on. But it became soon clear that it would not de-
crease,  because, as will be shown in Ch. 8, the present warming cannot be ascribed to 
solar effects. These peculiar observations appeared to be related to the start of a new 
Grand Episode.    

Fig. 5.1, copied from Balogh et al. (2014), demonstrates what really happened to the sun.  
Panels a and c show what can be interpreted as the variation of the equatorial and polar 
components of the magnetic field and it is obvious that their sum is smaller than it was in 
earlier years.  But for our present aims – the study of the transition phase that took place 
during the early part of the 21st century – these two panels are important: they show that 
Schwabe cycle #24 is less strong than foregoing cycles and moreover (panel c) the polar 
variation of the magnetic fields differs already since ≈ 1995 from that in earlier years. 
These two effects: the small toroidal field and the change in the profile of the poloidal one 
are apparently typical for the present transition.

Kind of the transition – Regular. Reference is made to Fig. 4.4 in Ch. 4, also to the 
accompanying Table 4.2 and the corresponding text. A diagram,  the phase diagram, is 
produced in which the proxy Rmax (equivalent to Gnmax) is plotted against aamin. In Ch. 4 it 
is shown that if the resulting curve crosses the Transition Point, which is situated at  Rmax 
= 10. 34 and aamin = 93.38 nT, and when that approach is within the one-sigma values of 
0.08 and 0.69, this announces the start of a new Grand Episode, either a Maximum or a 

Ch. 5. The recent Grand Transition; 
expectations for future solar activity. 

Fig. 5.1.  The variation of solar activity since about 1950. The three panels, a – c, present the variation of 
the toroidal magnetism, viz. the  number of sunspots (a), the cosmic ray counts (b) and the variation of 
the poloidal magnetic fields (c).  Copied from Balogh et al. (2014). 



60 61

pens, in spite of the often heard statement that the umbral field should be fairly constant. 
This new observation apparently asks for a thorough reconsideration of the solar dyna-
mo. What happened in the tachocline around that time? 

It may make sense to compare Fig. 5.3 with one that  shows the darkness of the darkest 
part of the sunspots – Fig. 5.4. This is another remarkable feature that asks for an expla-

nation. There must be a physical relation between the data shown in the two last Figures, 
but what relation?

Another topic that deserves attention is the following: It makes sense to mention that a 
number of unusually strong bursts of polar faculae were observed during the very ear-
ly starting period of the Transition (see below our paragraph on the starting time of the   
Transition). Around 1995 five of such strong bursts were observed (cf. Makarov and 
Makarova, 1999). 

An unusual polar field reversal, situated at the basis of Schwabe cycle #24 was noted by 
Janardhan et al. (2018). While it is known that the polarity of the sun’s magnetic field 
changes sign at each maximum of the Schwabe cycle, it was found that, while the southern 
hemisphere reversed sign in mid-2013, that of the northern hemisphere started a full year 
earlier. That reversal was followed by a period of near zero fieldstrength lasting till the end  
of 2014. After that, this component of the fieldstrength began to  increase again. This un-
usual fieldstrength variation is illustrated in Fig. 5.5, copied from Janardhan et al. (2018).

The starting time of the Transition. The sunspots magnetic fields had up to 2002  a 
distribution of the ‘normal’ type with a mean value of 2436 G (Livingston et al., 2012) 
and only after that date the magnetic field decreased steadily, by about 46 G per year. 
These data were for Livingston et al. reason to introduce a ’sunspot formation fraction’, 
which is a horizontal line at level unity till about 1990 that started to decrease around 

Fig. 5.2. Phase diagram for the past century. The phase curve approaches but does not really hit the Tran-
sition Point in 2007, which predicts the coming of a Regular Episode that may last  for the two coming 
centuries. From De Jager et al. (2016).  

Fig. 5.3. Time variation of the umbral magnetic field. Drawing copied from Nagovitsyn et al. (2012).

Fig. 5.4. The darkest part of the umbra and its time variation. From Watson et al. (2014)
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1995 towards the level 0.6 in 2010. Other, but similar results can be derived from solar 
microwave radiation of which those at 10.7 cm form a continuous series since 1955.

From data such as those described here, and others, De Jager et al. (2016) concluded 
that “the first signs of a forthcoming change of the kind of Episodes were already visible 

in the eighties of the last century; that the very first precursors of the Transition were 
already visible around 1995 and that the full start came some ten years later.” 
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6.1. On the long-term prediction of solar activity; outline of this chapter. As de-
scribed in Ch. 1, an alternative form of the Zürich sunspot number, that started on July 
1, 2015, was introduced by Clette et al. (2014)1. One of the main changes was to drop the 
conventional 0.6 Zürich scale factor that was assumed for data prior to the 19th century. 
Thus the scale of the entire sunspot number time series was raised to the level of modern 
sunspot counts. This procedure removed a persisting ambiguity caused by the systemati-
cally low early sunspot numbers, as compared with all modern sunspot counts that were 
made since the late part of the 19th century. In the following this new system of sunspot 
counting is used.  
The only successful prediction of solar activity for considerably more than one sunspot 
cycle in advance is that of Schove (1955; henceforth: Sc55)2 who predicted values for 
sunspot maxima #19 to #24 (pink open squares in Fig. 6.1). His prediction was based on 
‘some regularities’ that he found in the sunspot maxima time series based on telescopic 
sunspot observations since 1610 and in addition on earlier visual records over the past 
≈ 1400 years and on observations of aurorae. As the Schove time series is based on the 
Zürich definition of sunspot numbers, they are here divided by the factor 0.6 in order 
to bring their values to the level of modern sunspot counting. The same procedure was 
followed with our earlier predictions for sunspot maximum #24 (De Jager and Duhau, 
2009, 2012)3,4. 

Fig. 6.1 shows that during the whole time interval for which the maximum sunspot 
numbers per Schwabe cycle (Sonnenbeobachtungen im Jahre 1843) , the Snmax data are 
known, the values of sunspot maxima from Sc55 (blue open squares) are very near to 
those inferred from Snmax (red dots), including the six that were predicted by Schove 
(Sc55; pink open squares). Also, at the end of the Maunder Minimum the Sc55 data 
overlap well with Snmax. Hence, the largest peaks in Snmax have similar values, in contrast 
to those of the traditional version of the sunspot counting system, for which those oc-
curring during the 20th Century maxima were about twice the previous ones. Similarly, 
the depth of the Maunder Minimum, that was in the traditional version twice that of 
the Dalton one, has now, in Schove’s time series, a comparable value. This homogeneity 
in the behaviour of peaks and valleys is kept in Schove’s time series during the last 1725 
years, cf. Ch. 6.2.

By comparing the observed values for sunspot maxima (the succession of blue open 
squares and red points in Fig. 6.1) with the values of the envelope (red curve) at their re-
spective dates of occurrence it is found that each of them differs, on the average, by only 
4% from that of the envelope (dashed black curve in Fig. 6.1). Thus, it appears that once 
the sunspot maxima envelope is being predicted with enough precision, it will be possi-
ble to predict the dates of occurrence of subsequent sunspot maxima with an error that 

Summary: In the earlier chapters of this book a wavelet-based method was introduced 
for analysing solar activity. When the proxies for the solar toroidal and the polar mag-
netic fields assume simultaneously their ‘Transition values’ the Gleissberg cycle undergoes 
sudden increases in amplitude and duration, thus starting either a Grand Maximum or a 
Grand Minimum. In addition to these two types of solar dynamo Episodes, a third one con-
sisting of a succession of weaker quasi-regular oscillations, the Regular Episodes, is identi-
fied. It was also found that the Transition values of the proxies of the toroidal and the polar 
components of the Solar Dynamo magnetic field are the signatures of a well-defined Solar 
Dynamo state that we baptized ‘Transition State’. 
The above approach is further developed here with the aim to determine and forecast solar 
dynamo modes of oscillation. The basic material consists of the 7080 years long radiocar-
bon Intcal 98 time series and a 1725 years long Sunspot Maxima time series. This last was 
found from the recently published revised system of telescopic sunspot number counting 
(Clette et al., 2014)1 extended backwards from the year 1704 till 290 by Schove’s (1955)2 
Sunspot Maxima time series. The latter is for the most part based on naked eye observa-
tions of sunspot numbers and of auroral frequencies.
It is found that solar activity related data may be well represented by the addition of a 
constant level and eight modes of oscillation. The repetitive behaviour and the relationships 
that appears to exist between these modes, opens the possibility for a long-term predic-
tion of solar activity. In that line, we forecast the Gleissberg cycle for the forthcoming two 
centuries and data on sunspot maxima for the next century. Thus, the values and dates of 
occurrence of sunspot maxima ##25 to 35 are predicted and it is found that the new Epi-
sode of solar activity, that started during polar cycle #24 as a follow-up of the 20th century 
Grand Maximum, is of the Regular type and, as the ongoing Hallstatt oscillation will pass 
through zero from negative to positive around the year 2036, it will last for the remainder 
of the present millennium.
It is also found that modes of oscillations are mutually related through a forced non-linear 
oscillator with a persistent asymmetry. A brief discussion of the origin of this behaviour as 
well as of the nature of the Transition State is presented. 

Ch. 6. SOLAR DYNAMO MODES OF                  
OSCILLATION AND THE LONG-TERM
 PREDICTION OF SOLAR ACTIVITY*

* Partly based on a paper by Duhau and De Jager (2020). Chapters are numbered 6.1, 
6.1.a, 6.1.a1, etc.
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is not cumulative. In addition, its values have errors that will depend mainly on those 
in the predicted envelope. This explains our successful prediction of sunspot maximum 
#24 (the open circle in Fig. 6.1). 

We conclude that, in principle, it is possible to predict the dates of occurrence and the 
values of successive sunspot numbers from the sunspot maxima envelope once this last 
is known from predictions. On that basis, the two main objectives of the present inves-
tigation are to find an appropriate mathematical method for deducing the solar dynamo 
modes of oscillation from the sunspot maxima time series and to study the behaviour 
and the mutual relationship between them. This is done here by developing a method 
that enables one to predict the sunspot maxima envelope and from it the dates of occur-
rence and the values of successive sunspot maxima.

In the next Chapter, we summarize the previous developments of the wavelet-based 
methodology and the results that were found here when applying it to the sunspot 
maxima Snmax and the geomagnetic index at minima aamin, this being the proxy for the 

strength of the toroidal and the poloidal components of the solar dynamo magnetic field. 
Thus are selected those results that are relevant for finding the nature of the solar dyna-
mo system, which is one of the main objectives of the present work. Cf. also De Jager and 
Duhau (2011)6.

6.1.a. The Transition level, the Gleissberg cycle and solar dynamo episodes. By a 
wavelet-based method De Jager and Duhau (2012)4 found that the sunspot maxima en-
velope (the red curve in Fig. 6.1) can be represented by the superposition of a constant, 
that is baptized Transition level, and three parts, that have been called Bi-decadal and 
Semi-secular oscillations and the Gleissberg cycle (cf. Fig. 6.2). Here we demonstrate (cf. 
Ch. 6.4) that the Bi-decadal and the Semi-secular oscillations correspond to well defined 
modes of solar dynamo oscillations. Hence, from now on, these will be called ‘modes’. 
On the other hand, in Ch. 6.4.c it will be found that the Bi-decadal mode is the signature 
of solar activity variables of the cyclical inversion of the polar component of the solar 
dynamo magnetic field, a phenomenon that is called ‘Hale cycle’ (Hale and Nicholson; 
1925)7. From now on the Bi-decadal mode will here be recalled the Hale mode. 

Fig. 6.2 demonstrates that the two negative Gleissberg oscillations that occurred during 
the Regular Episode (green curve) have a noticeably smaller amplitude than the two 
positive ones. Here we find (Ch. 6.4.b2) that this feature is related to the fact that the 
solar dynamo system has a persistent asymmetry, such that the solar Dynamo modes 
are oscillating around a constant value that is 7.2 sunspot numbers above the Transition 
level. We observe also that the Dalton Minimum is due to the synchronicity of a negative 
Gleissberg oscillation of the Regular Type with a strong negative half of Semi-secular 
oscillations (indicated by the blue and pink letters D, respectively, in Fig. 6.2). These 
two half of oscillations have both a duration that is less than a half of the single one that 
leaded to the Maunder Minimum. This explains why there occurred eight sunspot max-
ima below the Transition level during the Maunder Minimum and only three during the 
Dalton Minimum (see Fig. 6.1).

We observe that at the three Transition dates the Hale mode (grey curve in Fig. 6.2) passes 
through zero synchronous with the passing by the Transition level of the envelope. In the 
light of the fact that the Hale mode is the signature of the Hale cycle (cf. Ch. 6.4.c) this 
property is relevant for determining the nature of the Solar Dynamo system. 
 
Summarizing: the toroidal component of the solar dynamo magnetic field occasionally 
undergoes sudden changes of its strength, as is seen in its proxy, viz. the sunspot number 
at maximum Schwabe cycle (Snmax; cf. also the successive blue open squares and red dots 
in Fig. 6.1). Figure 6.2 illustrates that these changes are related to the sudden change 

Figure 6.1. The red dots represent the succession of maximum sunspot numbers obtained from the re-
vised version of the Zürich sunspot number, Snmax (1705 to 2014; Clette et al., 20141; source: WDCSILSO, 
Royal Astronomical Observatory of Belgium). The violet squares are the sunspot maxima time series 
determined by Schove (1955; Sc55)2 from telescopic observations between 1610 and 1947 and the pink 
squares are his predictions of the six successive sunspot maxima from his time series that started in 290 
(cf. Fig. 6.4). The pink numbers are the Wolf numbers of some of these maxima. The black dashed curve is 
the ‘Envelope’ (definition is given in Table 6.1) of the sunspot maxima time series, Rmax (cf. Fig. 6.4) , com-
posed by the Sc55 and Snmax data as computed by the wavelet representation introduced by De Jager 
and Duhau (2012)4. The black open circle with the vertical bar is the prediction for sunspot maximum 
#24 by De Jager and Duhau (2009, 2012)3,4. The sunspot number 150 is the value of the Transition Rmax 
level as computed by applying the procedure introduced by Duhau and De Jager (2008)5 to the sunspot 
maxima time series. 
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in the amplitudes of the Gleissberg cycles that occurs after each Transition. As the po-
lar component of the dynamo magnetic field is related to the toroidal one through the 
dynamo actions, similar changes occur in that component too. This leads to defining 
the solar dynamo Transition State as a unique state to which the solar dynamo system 
persistently returns after which a new Episode starts (cf. Duhau and De Jager, 2008)5 as 
will be summarized hereafter.

6.1.b. The phase diagram and the Transition Point. A proxy for the strength of polar 
component is the value of the geomagnetic index aa at solar Schwabe minimum. It was 
introduced by Mayaud (1972)8: aamin (Russell 1975, Russell and Mulligan, 1995, Venner-
strøm, 2000, Duhau and Chen, 2002)9,10,11,12. We found (De Jager and Duhau, 2012)4 that 
a subsequent Episode invariably occurs when the envelopes of the two parameters that 
characterize the two components of the solar magnetic fields, viz. Snmax (the red curve in 

Fig. 6.1) and aamin pass simultaneously through the Transition Point. The latter is a fixed 
point in the phase diagram, in which the maximum sunspot numbers (Snmax) are plotted 
against the minimum aa values (aamin, cf. Fig. 6.3a). Regarding the Gleissberg cycle we 
observe in Fig. 6.3b that only in 1923 this cycle passed through the Transition point but 
in 2006 only the abscissa of the Transition point was reached and the Transition ordinate 
was missed. In the first case the dynamo system passed from a Regular to a Grand Epi-
sode and in the second one the contrary occurred. In actual fact, from proxy data from 
Nagovitsyn (2006, 2007)13,14 we found that a behaviour, similar to that seen since 1844 in 
Fig. 6.3b, has recurrently occurred since the year 1050 (cf. Fig. 6 in Duhau and De Jager 
2008)5. Consistent with this behaviour, we predicted that in 2014, that is a few year later 
than the 2006-Transition, a Gleissberg cycle of the Regular type will start (De Jager and 
Duhau, 2009, 2012)3,4. This prediction is confirmed from the new data included in the 
present investigation (cf. Ch. 6.5.a).

Only the existence of the 1923- and 2006-Phase Transitions may be precisely determined 
from the 162 year long interval included in Fig. 6.3. Hence, for determining with preci-
sion the date of the transition from the Maunder Minimum to the Regular Episode (the 
succession of the green and red curves in Figs. 6.2 and 6.3) we have to take into account 

Figure 6.2. The three parts in which the envelope of the sunspot maxima time series (dashed black 
curve in Fig. 6.1) has been decomposed (De Jager and Duhau 2012)4. These are the Gleissberg cycle 
(the succession of blue, green and red curves), the Semi-secular (pink curve) and the Bi-decadal (grey 
curve) oscillations. The black numbers at the bottoms of the vertical lines are the dates on which the 
Envelope passed through the 150 sunspot number Transition level (horizontal line in Figure 6.1) and 
after which the Gleissberg cycle appreciably changes in amplitude and duration, either in synchronicity 
(red numbers) or a few years later (green numbers) so leading to a ‘Phase transition’ from one Solar 
Dynamo Episode to the next one (the definition is summarized in Ch. 6.1.b). The three kinds of Episodes 
that may be observed in the figure are the Grand Minima, like the Maunder one, (blue curve) , the Grand 
Maxima, like the XX Century one (red curve) and the Regular Episodes, like the 1723-1923 one (green 
curve) (Duhau and De Jager, 2008)5. The D letter marks half of the Gleissberg (blue) and Semi-secular 
(pink)variations and half of the negative oscillations that leaded to the Dalton Minimum (cf. Fig. 6.1). In 
view of these properties that are found here in the Bi-decadal oscillations (cf. Ch. 6.4.c) we will from here 
on refer to them as ‘Hale mode’.

Fig. 6.3. The phase diagram of the envelope (a) and the Gleissberg cycle (b) of the Sunspot numbers at 
maxima, Snmax (cf. Fig. 6.1 black dashed curve) vs. the geomagnetic index at minima , aamin, the latter 
from Nevanlinna and Kataja (1993)15 and from Lockwood (priv. com 2009), for the periods (in years) 
1844-1867 and 1868 to 2009, respectively. In both panels the numbers along the horizontal and vertical 
lines are the values of the two transition level components (represented, in the case of Snmax by the black 
horizontal line in Fig. 6.1). Green and red colours refer to the Regular Episode and the Grand Maximum 
respectively (green and red lines in the Gleissberg cycle in Fig. 6.2); the latter starting in 1923. Around 
2006 a new episode started that has been described (De Jager and Duhau, 2012; cf. also De Jager et al., 
2016)4,16 and predicted by them to be of the Regular type. It is expected that this will last for the remain-
der of the present millennium, as will be confirmed in this chapter.
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that the envelope must add to zero at the dates of the three parts into which we have split 
it after having subtracted the transition level. While the three parts pass simultaneously 
through zero during the 1923-Transition, that does not happen in 2006, when the Hale 
mode (#1 in Table 6.1) passed through zero, while at the same time the Semi-secular (#2 
in Table 6.1) oscillation and the Gleissberg Cycle (definition is given in Table 6.1) added 
to zero. Hence, similar to the 2006 case, we have selected 1723 as the year in which the 
transition from the Maunder Minimum to the Regular episode took place. 
Previously, the predictions of forthcoming solar activity were based on the properties of 
the three parts (see Fig. 6.2) in which we have split the sunspot maximum time series. 
By now it is clear that sunspot maximum #24 is the lowest of the past century. This was 
already predicted by Schove (1955)2 as early as half a century ago, by us (open circle in 
Fig. 6.1) and by several other authors (For a review see De Jager and Duhau, 2011)6. Un-
til now we have restricted ourselves to forecasting a sunspot maximum for no more than 
one Schwabe cycle ahead. To be able to predict sunspot maxima for a longer period we 
should know how to forecast the character of the Gleissberg cycle because it is the time 
variation of that cycle that is comparable to that of the sunspot maxima time variation 
(De Jager and Duhau, 2012)4. We will show that such a forecast is possible by splitting 
this cycle in six modes of oscillation (see Table 6.1 for their definition) and a constant. 

Four of the eight modes that appear in Table 6.1 were already identified by their signa-
ture in the Fourier spectra of solar activity related variables, specially cosmogenic iso-
tope data. These are: the Hallstatt, the Eddy (Eddy 1976)18, the De Vries19 or Suess20 cycle 
and the Hale one (for a review see De Jager, 2005)21.  Also, the band of periods that we 
have split in two sets: the Secular and Semi-secular ones, is usually called the Gleissberg 
band. However, we will find in this chapter that the Gleissberg band has periods that 
correspond to two different modes that we will call the Secular and Semi-secular ones. 

In Ch. 6.2 the data are specified that are used in the present study. In Ch. 6.3 we summa-
rize the basic aspects of the mathematical method applied by us for analysing the solar 
activity variables and we apply the results to the development of a procedure for defining 
the solar modes of oscillations from solar activity related variables. In Ch. 6.4 we show 
that the sunspot maxima time series may be represented by the addition of eight modes 
of oscillation (see definition in Table 6.1) and the 157.2 sunspot constant. It is based on 
the regularities and the mutual relationships that are presented by the eight modes. We 
will conclude that these relationships indicate the existence of a persistent asymmetry in 
the Solar Dynamo System. Following these results we will predict, in Ch. 6.5, the data for 
the Gleissberg cycle for the next two centuries and the years of sunspot maxima for the 
next one. These results will be summarized in Ch. 6.6.

Primary data sets (time intervals in years)                                                                    Chapter       Figure 

Snmax , Sunspot maxima time series values as obtained from the                    6.1     6.1  
revised version of telescopic observations of sunspot number by 
Clette et al. (2014) (1705 – 2014)1.

Sc55, Sunspot maxima time series obtained by Schove (1955)2                         6.1        6.1
from telescopic observation after 1610 and prior to that by naked 
eye observation of sunspots and aurorae (290-1948).

Rmax , found here by extending Snmax from the year 1705 backward               6.2             6.4
 till 290 from the Sc55 data (290- 2014)

Intcall 98 radiocarbon age calibration (Stuiver et al., 1998)17 (–5125-1950)  6.2             6.5     
          
The periods of the components that, upon addition, define the various 
modes (as found by assuming in Eq. (3.2) (cf. Ch. 6.3.a) To= 2, no= 3 and 
the value of j in the interval mentioned in the Table) .   
   
Name                                                j                                     Periods                                   Chapter      Figure
   
1 Hale 10  to  12   16.5    20.8    26.0 6.1 6.2
2 Semi-secular 13  to  16  33.1    41.6     2.5    66.1   6.1 6.2
3 Secular     17  to  19 83.3    105.0    132.2 6.4 6.14
4 Suess  20  to  22 166.6    209.9    264.5 6.4 6.14 
5 2-Suess 23  to  25 333.2    419.8    528.9 6.4 6.14
6 Eddy      26  to  29 666    840    1058    1332 6.4 6.14              
7 Hallstatt  30  to  32  1679    2116    2666    6.4 6.13
8  2-Hallstatt  33  to  35 3558    4231    5331   6.4 6.13       
                          

Notions introduced for operative purposes                                                          Chapter       Figure 

Noise: the addition of wavelet  components obtained by introducing  6.3 6.8
             J=1 to  9  in  Eq. (3.2)

Envelope: The addition of the linear trend to modes ##1  to 8 6.1 6.1

Long Trend: the addition  of modes ## 7 and 8 to the linear trend from  6.4 6.13
which the  150-sunspot Transition level is subtracted.

Gleissberg cycle: The addition of modes ##3 to 8 to the linear trend 6.1 6.2

Table 6.1. Data sets, periodicities and solar dynamo modes of oscillations described in this 
chapter
The Table gives the input data sets that are used or introduced in this study and the periods of the Mor-
let wavelet components that, upon addition, determine the eight modes of oscillation that we identify 
from these data. In the last column, we give the numbers of the Chs. and Figures in which they are 
mentioned first. 
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In Fig. 6.2 the Dalton Minimum is not seen in the Gleissberg cycle. Instead, it is a con-
sequence of the synchronicity of half a Gleissberg oscillation with a strong semi-secular 
one, so we classify it as a Short Minimum. It consist of a succession of three sunspot 
maxima that are all below the transition level and one of them has a value that is smaller 
than 80 sunspot numbers. Analogously, we define a Short Maximum (indicated by the 
red letter S in Fig. 6.4) as a succession of three sunspot maxima that are all above the 
transition level while at least one of them is larger than 240.

Based on the above we conclude that main changes of the qualitative behaviour of the 
solar dynamo episodes between the year 290 and present are the following:

• Grand  Maxima (Minima) as well as Short Maxima (Minima) started to occur after 
 the year ~ 1000,
• Prior to ~ 1000 and after the starting date of the time series, viz. the year 290, a long
  lasting regular episode occurred. 

In Ch. 6.4 we will prove that the above change follows the change of sign from positive to 
negative of the Hallstatt oscillation that started in 900 (cf. the vertical bar in Fig. 6.4). Ev-
idence that Grand Minima occur only when the Hallstatt oscillation has negative values 
was found by Steinhilber et al. (2009, 2010)23,24 from a study of cosmogenic 10Be radio-

6.2. The data. Telescopic observations of sunspots started in 1610, hence the series ex-
ists only for slightly more than only 4 centuries. Therefore, these data allow one only to 
determine with precision those modes of which the oscillations have a longest average 
duration that is comparable to the Suess time scale (##1 to 4 in Table 6.1). That situation 
forced in earlier research to split the sunspot maxima time series in at most three parts, 
of which two are the Hale and Semi-secular modes, and the third is the Gleissberg cycle 
(cf. Fig. 6.2). This means that in those cases in which the research is based solely on the 
modern Snmax data, it would only be possible to forecast a certain sunspot maximum for 
no more than a few years and at most one Schwabe cycle in advance. This is so because it 
is impossible to predict the Gleissberg cycle for a longer time interval without knowing 
the six modes of oscillation of which it is composed. We note, in addition that predicting 
the Gleissberg cycle is especially difficult in those circumstances in which a Transition 
has just occurred because in that situation we may meet a strong change of its main pa-
rameters, especially its amplitude.

If the values of the abscissa and ordinate of the Transition level are indeed constant the 
slope of the linear trend of solar activity variables must go to zero when the time series 
is long enough. As the linear trend is due to the contribution of wavelet components 
with periods that are much longer than the duration of the time series itself, we may at 
this stage wonder if, in the case that the time series is long enough, it will be possible to 
represent its time evolution by the sum of a constant and a finite number of modes. 
 
Schove’s Sc55 time series of sunspot maxima overlaps well with the revised version of the 
Zürich sunspot number, Snmax over the more than 300 years for which this last is known 
with precision, including Schove’s predicted recent half century (open pink squares in 
Fig. 6.1). This indicates that we may safely extend the SNmax series backward from 1705 
till the year 290 with the aid of the Sc55 series. This situation allows one to introduce the 
time series Rmax (shown in Fig. 6.4), which is the 1725 years long series of sunspot data 
that results from this procedure. 

The usual practice (for a review cf. Usoskin 2017)22 is to define a Grand Minimum (or 
Maximum) as an episode during which solar activity stays below (or above) some low 
(or high) level during a significant period of time. Thus, the four Grand Minima (from 
Oort to Maunder) and the Dalton Minimum shown in Fig. 6.4 were identified. Regard-
ing the Grand Maxima, initially only the Medieval and XX century ones were recorded. 
For identifying the origin of each successive Episode we used the Gleissberg cycle, as is 
shown in Fig. 6.2. This leads to the detection (cf. Fig. 6.16a) of a new Grand Maximum, 
the XV Century one; it occurred during the last millennium. We will call it the XV Cen-
tury Maximum. 

Fig. 6.4. The Rmax time series obtained by backward extension of the revised sunspot number time series 
of Clette et. al (2014)1 (red points). The extension goes back to the year 290 by the addition of the open 
blue squares, i.e. Schove’s (1955)2 series. The black horizontal line is the abscissa of the Transition point 
(sunspot number 150). The names of the Grand Solar Maxima and Minima since 290 are given in red and 
blue characters. The red letter S indicates the occurrence of a short maximum (red colours). The green 
number is the date on which the ongoing Hallstatt oscillation passed through zero from positive to 
negative values, as found here (cf. Figs. 6.12d and 6.13b). 
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been made of long-term forecasting of solar activity based on the most conspicuous 
peaks in the spectra of the related variables, viz. those of about 88, 200 and 2300 years, 
the Gleissberg, Suess and Hallstatt ‘cycles’, respectively (for a review cf. De Jager, 2005)21. 
Although they are called ‘cycles’, their physical origin has not yet been determined. 

Moreover, the Fourier periods in their spectra change with time (cf. review by De Jager, 
2005)21. For example, the so called Gleissberg ‘cycle’ covers a wide band with a well de-
tectable double structure: one of 50 to 80 years and the other of 90 to 140 years. These are 
called the lower and the upper Gleissberg bands, respectively (Ogurtsov et al., 2002)26. 
Of course, it is necessary to examine if these two bands are the signatures of the same 
physical phenomenon. That may be far from obvious: merely observing the peaks in the 
spectra does not allow one to determine if two period bands in the spectra with neigh-
bouring periods are due to changes in a unique solar dynamo mode of oscillation, or that 
they are due to two well differentiated physical modes. 

The only way to explain the physics behind the peaks in the spectra is by advancing a 
signal processing technique that can describe its signature in the time domain. In our 
context, such a technique can be described as the process of decomposing a signal into 
a linear combination of basic functions. The aim of this decomposition is to properly 
isolate the phenomena that contribute to the behaviour of the signal. Several properties 
of the basic functions are required to be able to handle this decomposition. 

For instance, usually one function is used as a generator for obtaining the other basic 
functions by applying a combination of mathematic operations like translations, mod-

nuclide data for the past 9300 years, a period that includes four Hallstatt oscillations. We 
also refer to Fig. 10 in Versteegh (2005)25, where that property can be seen too. De Jager 
and Duhau (2012)4 have found that the last Hallstatt oscillation passed from negative to 
positive, hence through its zero point, virtually at the time of the recent Transition. They 
thus concluded that the Episode that started after the present Transition will be of the 
Regular type and will last for the remainder of the present millennium. 

The dependence of the nature of solar dynamo episodes on the sign (positive or nega-
tive) of the Hallstatt oscillations gives evidence that the shape of the modes of oscillation 
is related to this sign too. This is confirmed in Ch. 6.4 where the eight modes of Table 
6.1 are presented.

The slope of the linear trend as computed from the Snmax and Rmax time series (in sunspot 
numbers per century; cf. Figs. 6.1 and 6.4 respectively) changes from 1.2 to –0.05. This 
drastic reduction of two order of magnitude of the modulus of the slope of the linear 
trend, while at the same time the length of the time series increases from three centuries 
to about two millennia, indicates that the sunspot maxima oscillate around a constant 
level. In fact, in Ch. 6.4 we show that the amplitude of the oscillation of modes ## 6 to 
8 are systematically decreasing with increasing periods. The 2-Hallstatt oscillations as 
obtained from Rmax have amplitudes whose values are barely above the uncertainty of 
the data (no more than one sunspot number). From this we infer that once the eight 
modes of oscillations of Table 6.1 are accurately determined, the slope of the linear trend 
will becomes negligibly small. Hence, the linear trend will reduce to a constant that we 
will find (cf. Ch. 6.4.b2) to be 157.2 sunspot numbers. This level differs from that of the 
transition level by only a small constant value, namely 7.2 sunspot numbers. The origin 
and explanation of this small but significant constant is delayed to a later investigation. 

There occurred less than one half of a 2-Hallstatt oscillation and less that a full Hallstatt 
one during the entire Rmax time series of Fig. 6.4. Hence, for determining the relationship 
between shorter period modes and the Hallstatt and 2-Hallstatt modes we turn to the 
cosmogenic isotope data of Fig. 6.5.

In the next Chapter we develop the mathematical technique for determining the solar 
dynamo modes of oscillation as seen in their proxies; these being Rmax and the Intcal 98 
times series presented in Figs. 6.4 and 6.5, respectively. 

6.3. A signal processing technique for representing solar activity variables. Until now 
solar physicist have been able to forecast the properties of sunspot cycle #24 to within 
a few years in advance and approximately only one Schwabe cycle. Many attempts have 

Fig. 6.5. The INTCAL98 14C cosmogenic isotope data (Stuiver et al. 1998)17. Source: University of Oxford, 
Radiocarbon Web-Info, at: https://c14.arch.ox.ac.uk/intcal98.14c. This calibration series is based on a mix 
of mid-latitude northern hemisphere records (Germany, Ireland, and those from the states of Washing-
ton, Oregon and California in the U.S.A.).
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6.3.a. Selection of the mother function. Any signal processing technique is based on a 
set of functions, derived from a unique mother function. The selected mother function 
must be similar to the input fluctuation (Torrance and Compo, 1989)28. We describe the 
essential aspects of this ‘similarity’. The occurrence of several conspicuous peaks in the 
Fourier spectra of the sunspot number time series indicates the presence of oscillations 
with well-defined periods. These peaks have values that range from years to thousands 
of years. The wavelets that we need for this purpose should be suitable for acting as a 
mother function for which the spectrum (see Fig. 2 in Astaf ’eva, 1996)29 consists of one 
unique symmetrical peak, like the succession of peaks that constitute the spectra of the 
sunspot time series. The suitable wavelet that Duhau and De Jager (2008)5 selected for 
this purpose is the Morlet function M(t) (Morlet, 1981, 1983)30,31. 

  (1)

where C and D are constants and τ = t/s. Here t is the time variable and s the wavelet scale.

We define T as:  (2)

Hence,              (2.1) 

Therefore t relates to T by Eq. (2.1), and hence we may write Eq. (1) as:   

                                                  (3) 

This leads to the conclusion that M(t) is a harmonic function of period T that has a 
Gaussian envelope with a variance σ.  The latter is related to T by   

           (3.1)

Once that the mother function has been chosen it is necessary to determine its basic 
characteristics by selecting the values of its defining parameters. The value of D is cho-
sen equal to 6 in order to satisfy the admissibility condition (Farge 1992)27. For the set of 
scales, we may use any arbitrary number. It is convenient to write the scales (to which the 
periods are related by Eq. (2.1)) as fractional powers of 2 (Torrence and Compo, 1989)28.  

So, we may write the set of                       with j= 0, 1,...J,   (3.2)     
                
where no, j and J are integers. J is the total number of components. Further
     T0 = 2.δt    (3.3)  

ulations, and dilatations. This constitutes a reasonable mathematic framework that effi-
ciently yields the information needed to re-generate or to synthesize the original signal. 
Furthermore, the generated set of basic functions is usually required to constitute what 
is called an orthogonal base of a suitable functional space. This, basically, means that the 
decompositions are stable (meaning that the order of the factors in the decomposition 
does not affect the results), and that the basic functions in the decomposition do not 
overlap or interfere with each other.

There are many other, similar or comparable properties, depending on the technique 
that is applied. In Fourier analysis, the generating function is just a harmonic function 
which provides a representation that has very poor localization in time in its decompo-
sition, while the present problem is extremely time-localized. Hence, we would not be 
able to obtain compact decomposition with the Fourier technique. Also, the underlying 
- incorrect - assumption is that the original signal is periodic, which makes it impossible 
to decompose it for obtaining even a short extrapolation of the original data.

Contrary to what happens with harmonic oscillations, which are stationary, the oscil-
lations that compose the sunspot maxima time series undergo strong time-dependent 
changes in amplitude. This fact is clear from Fig. 6.2, but it is also obvious in Figs. 6.1, 
6.3 and 6.4. On the other hand in wavelet analyses, the generating function is the so-
called mother wavelet, whose limited spatial support implies that the behaviour of the 
function at infinity does not play a role (Farge, 1992)27. The orthogonal basis is generated 
by translating and scaling the mother wavelet, meaning that the decomposition is well 
time-localized and that it has different levels of resolution. Thus, it allows one to isolate 
the underlying physical phenomena in their various levels of resolution. To summarize, 
a signal processing technique based on wavelets opens the way for representing in the 
time domain the variables related to nonstationary phenomena, such as those that ap-
pear in solar activity.

Summarizing and anticipating: The method for determining the solar modes of oscillation 
that, after addition to the transition level, allows one to represent solar activity variables, is 
developed hereafter. First, we select the suitable mother function and we derive its essential pa-
rameters. Based on that selection we develop a method for selecting the periods (cf. Table 6.1) 
of the wavelet components that, after addition, determine the various solar dynamo modes. 
And in Ch. 6.3.c we demonstrate that the remarkable time-dependent ‘double structure’ in 
the spectra of the variables related to solar activity are a consequence of the time-dependent 
evolution of the periods and amplitudes of the oscillations for each of the solar dynamo modes 
of oscillation. Thereafter, we determine the dependence of the total number of wavelet compo-
nents on the duration of time series and we introduce the concept of ‘edge error’. 
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al data points by linearly interpolating between successive data points. Hence δt = 2 yr 
and so, from Eq. (3.2), To= 2 yr. 

The total number of wavelet components, J depends on the value that we assign to no in 
Eq. (4.3). For making the representation more compact we have selected a minimum 
value of this parameter such that it still allows for an accurate representation of the time 
series. We thus fixed no = 3.

Once, having selected δt = 2 yr and no = 3, the periods of the components are found from 
Eq. (3.2).  In order that these correctly describe the solar dynamo modes of oscillation 
we must determine first the set of components that, after addition, leads to signals that 
have a regular and repetitive behaviour. We found that this set follows from selecting 
those components with neighbouring periods that are in phase during their strongest 
oscillations, while they gradually lose phase as the amplitude of the oscillations decreas-
es. As an example of this procedure and of the basic properties of the modes found by 
applying it, we show in Fig. 6.6 the Semi-secular mode (#2 in Table 6.1) and its four 
components as derived from the sunspot number time series of Fig. 6.4 in the interval 
1483 - 2014 (top and bottom panel in Fig. 6.6, respectively).

Fig. 6.6a shows that the amplitudes of successive Semi-secular oscillations first increase 
till they reach a maximum value after which they decrease, and that happens in such a 
way that periodically an oscillation with a relative minimum amplitude occurs and pass-
es through zero synchronously with the passing through zero of a 2-Suess oscillation. 
This last one is shifted ahead by 37 years. This allows one to differentiating unambigu-
ously between the three sets of oscillations. In view of its bursting shape we baptize them 
‘wave bursts’. 

These changes of the average periodicity and of the amplitude of the oscillation from one 
wave burst to the next one is seen in the spectra as two different peaks. Many attempts 
have been made (for a review cf. De Jager, 2005)21 of long term forecasting, based on the 
most conspicuous peaks in the spectra of solar activity variables, viz. those of about 88, 
200 and 2400 years, the Gleissberg, Suess and Hallstatt ‘cycles’, respectively. Although 
they are called ‘cycles’, their physical origin has not yet been determined. In this connec-
tion, we refer to Hoyt and Schatten (1997)30 who gave the name ‘cycle mania’ to the prac-
tice of labelling ‘cycle’ to any peak that appears in the spectra. Moreover, it is known that 
the Fourier periods in their spectra change with time (cf. review by De Jager, 2005)19. For 
example, the so called Gleissberg ‘cycle’ covers a wide band with a well detectable dou-
ble structure: one of 50 to 80 years and the other of 90 to 140 years. These are called the 
lower and the upper Gleissberg bands, respectively (Ogurtsov et al., 2002)26. Of course, 

where δt is the distance between two successive data points; it must be a constant. Once 
this parameter is determined, the value of To is fixed by Eq. (3.3), and hence, only the 
parameter no remain to be fixed for determining the values Tn of the successive periods 
of the components. It appears that a precise representation of solar activity variables is 
obtained when no ≥ 3 and so we have applied the set of components that follows after 
fixing no = 3 for representing those time series (for a review see De Jager and Duhau, 
2011)6. This procedure allows one to obtain a precise representation of solar activity 
related variables that are at the same time the most compact ones. 

Summarizing, when once the values of δt are known, the parameters that remains to be 
determined for computing the periods of the basic functions from Eqs. (3.1) and (3.2), 
are no and J. The latter’s value J (see Eq. (3.2)) increases with increasing no. Hence (see e.g. 
Torrence and Compo, 1989)28 we could, at least in principle, introduce a large value for 
no to warrant the most complete picture. However, the spectra of the time series related 
to solar activity contain well defined peaks (review in De Jager, 2005)21 and so it was 
found (review in De Jager and Duhau, 2012)4 that the low value of no = 3 suffices for this 
purpose. In Ch. 6.3.b this issue will be further discussed in the framework of the applica-
tion of our wavelet-based method to the Rmax time series (cf. Fig. 6.4). The total number 
of components, J, that is needed for accurately representing a given time series depends 
on the length of the time series. This issue is discussed later in Ch. 6.3.d.

Once the basic functions having been selected by fixing the values of To, J and no, the sig-
nal to be analyzed may be represented by summing up the transforms of these functions. 
For brevity, we will call them ‘components’. They are defined as the convolution of the 
signals with each of the basic function (see e. g. Farge, 1992)27.

6.3.b. Determining Solar dynamo modes of oscillations from the selected mother 
function. In this Chapter, we introduce the methods for determining the components 
of the basic function that, after addition, allows one to represent each of the eight solar 
dynamo modes of oscillations listed in Table 6.1. We also discuss their general properties 
that allow one to describe them as a ‘succession of Wave Bursts’.

In the previous Chapter, we have selected the Morlet wavelet as a suitable mother func-
tion for representing solar activity variables. The next step is to determine the set of 
components that, when added, lead to a significant signal. With this purpose, we need to 
define the periods and the total number of components that are needed for this purpose.

An essential aspect is that, for computing the various components, the data points must 
be evenly spaced. As the time series of Fig. 6.4 is irregularly spaced we have added annu-
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for a time series comprising two sine waves of the same amplitude but of distinct peri-
ods, the Torrence and Compo expression yields two spectral peaks of different magni-
tudes, the one with the larger period being the strongest. 

This feature hampers a comparison of the peaks over the time range, a problem that is 
solved by the modified expression developed by Liu et al. (2007)33. It follows from Eq. 
(3.1) that the number of components increases with increasing value of the parameter 
no. By fixing an extreme value, for which we have chosen no = 24, the spectra appear as a 
continuous curve within the resolution of Fig. 6.7 (the blue, red and grey curves in that 
diagram). 

In relation to the above we note that when interpreting the value of the period at the 
peaks of the time series spectra we must consider that, when that peak is not strong 
enough as compared with the two surrounding ones, the value of the period at that peak 
is distorted in the direction of the neighbouring peak that has the strongest power of the 
two surrounding ones. 

Fig. 6.7 shows that an appreciable change of the average period, as well as an strong re-
duction of the maximum amplitude of their oscillations occur between the Semi-secular 
Wave Bursts #2 to #3 (cf. Fig. 6.6). These changes are seen in their respective spectra 
(blue and red curves in Fig. 6.7) as a reduction of the values of the power or the year 
and of the periods at the corresponding peaks (indicated by the blue and red rhombuses 

it is necessary to examine if these two bands are the signatures of the same mode of os-
cillation, as in the Semi-secular case or instead, if they come from two different modes 
of oscillation. This objective is a topic of the next Chapter.

6.3.c. The origin of the double structure in the spectra of solar activity variables. 
Summarizing: in this Chapter, we study the remarkable double structure in the power spec-
tra of the sunspot number time series. This is done by analysing the evolution of the wavelet 
spectra of the two successive Semi-secular wave bursts that were lasting from 1483 to 1858 
(numbered 1 and 2 in Fig. 6.6). We find that the two Gleissberg bands are the signatures 
of two different modes. We also find that a substantial change of the period from one wave 
burst to the subsequent one occurs not only in the semi-secular band of periods but also 
within the Hale and the secular bands.

For computing the wavelet power spectra we use here Eq. (8) from Liu et al. (2007)33 

instead of Eq. (18) of Torrence and Compo (1998)28 that is usually applied, because the 
spectra computed by this last one are distorted or biased in favour of larger periods, a 
feature that leads to the problem of determining the ‘confidence interval’. In other words, 

Fig. 6.6.a) The Semi-secular mode of oscillation in the interval 1483-2014 prior to (blue) and after 1705 
(red) and the 2-Suess mode shifted forward by 37 years. The black numbers, 1 to 3, identify three succes-
sive ‘wave bursts’ (definition is given below).
b) The four wavelet components that conform the Semi-secular mode, where those with the longer 
periods (52.5 and 66.1 year) are differentiated from those with the shorter periods (41.6 and 33.1 year) 
by their pink and violet colours, respectively. The three vertical lines in the two panels mark the dates 
on which a Semi-secular oscillation, that has the smaller relative amplitude as compared with the sur-
rounding ones, changes sign. 

Fig. 6.7. Wavelet spectra for the two successive wave burst numbered 1 and 2 in Fig. 6.6a (blue and red 
curves, respectively), and for the time interval that includes the two wave burst (grey) . The stars, rhom-
buses, triangles and squares are at the Hale, Semi-secular, and secular Suess peaks, where the grey dot 
and the open star are at the 2-Suess and Eddy peaks, respectively. The spectra have been computed 
from equation (8) of Liu et al. (2007)33 and normalized to unity at the 53 sunspot number peak (grey 
rhombus). 
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Chapter we study this issue. We find that there is a distortion of the single oscillation that 
occurs at each of the two edges of the time series. We baptize this phenomenon ‘edge 
error’. 

In order to demonstrate the way by which we determine the number of components that, 
when added to the linear trend, allows one to represent the envelope, we isolate from 
the Rmax time series the interval 1664-1863 and compare the shape of the modes that 
are obtained from this 200-year interval, that we will call from now on R200, with those 
found from the whole 1725 year interval time series, Rmax. The longest modes that are 
discernable from these two time series are the Suess and the Hallstatt ones. Hence, in the 
R200 case, for computing the envelope we must add the linear trend to modes ## 1 to 4. 
But for computing the envelope from Rmax we must add four additional modes, ## 5 to 8 
(definitions are given in Table 6.1) .  

In Fig. 6.8 we compare the four modes that, when added to the linear trend, allow one to 
determine the envelope as found from R200 with the corresponding signals as computed 
from Rmax (dashed and full curves, respectively in a to d). We observe that there is a dis-
crepancy between the values of the curves that represent each of the four modes as com-
puted from R200 , when compared with the corresponding signal as computed from Rmax 

(dashed and full curves in Figs. 6.8a to c). It appears during a single half oscillation at 
the two edges of the 200 years interval. As a consequence, since the periods of the Suess 
modes are of the order of 200 years their values, as computed from R200, differ from those 
computed from Rmax during the whole time interval considered. Moreover, the discrep-
ancy is largest in the linear trend as much as its slope is reduced by two orders of mag-
nitude (compare the full and dashed lines on Fig. 6.8c). On the other hand the values of 
the four modes shown in Figs. 6.8a to 6.8c are precisely determined from Rmax, because 
the 200 year interval considered is far from the two edges of this time series considered 
in more than half of a Suess oscillation and so the four modes in Fig. 6.8 are precisely 
determined from Rmax in the 200 year interval. We call the discrepancy of a given mode 
as computed from R200 as compared with its precise value the ‘edge error’ , and conclude 
that for each mode this error extends over the two edges of the time series considered 
during half of their respective oscillations.

In the next two Chapters the methodology is introduced by with the edge error is amend-
ed in the eight modes of oscillation and the are predicted by a time interval that depends 
on the particular characteristic of the given modes. 

in Fig. 6.7). The change in the average period at the Semi-secular peaks is also seen in 
the Hale one (blue and red stars). The same does not happen in the spectra that include 
the two successive Semi-Secular wave bursts (grey curve) for which only one of the re-
spective pairs are clearly discernible. This is so because the weaker ones are masked by 
the stronger ones, and so their signatures appear in the spectrum only as a couple of 
inflection points. 

Based on only 200 years of available observations, Gleissberg (1944, 1958)34,35 found a 
cycle of 88 years in the amplitude variation of sunspot numbers. Later-on, two bands 
of periods, one extending from 50 to 80 years and the other from 90 to 140 years (for a 
review see De Jager, 2005)21 appeared to be part of the Gleissberg cycle. However, in Ch. 
6.4 we will show that these two bands (indicated by rhombuses and triangles, respective-
ly, in Fig. 6.7) originate from two different modes of oscillation, viz. the Semi-secular 
and the Secular ones (modes #2 and #3 in Table 6.1). Consistently with this finding, De 
Jager and Duhau (2011)6 have, in previous papers included components with periods in 
the lower Gleissberg band in the Semi-secular mode, while those from the Upper Gleiss-
berg band were included in the Gleissberg cycle.  

Finally, we emphasize that we have discovered a substantial change of the period of the 
Hale and the Semi-secular oscillations from their respective shapes as seen in the time 
domain, which allows one to determine the temporal extension of each of the successive 
wave bursts and hence to compute the spectra for the appropriate time span, as shown 
in Fig. 6.6. 

Summarizing this Chapter: the substantial changes in maximum amplitude and period of 
the oscillations from one wave burst to the next one, during the time of a given solar dyna-
mo mode, prohibits us to forecast the period and amplitude of future oscillation just from 
analyzing them by their spectra. But that happens to be one of the common practices (see 
e.g. Wagner et al. 2001; Lundstedt et al., 2007, Kern et al., 2012; Vasiliev and Dergachev, 
2012; J. Feynman and Ruzmaikin, 2014)36,37,38,39,40 Instead, we need to clarify the evolution 
of the periods and amplitudes of all of them in the time domain. 

6.3.d. The dependence of the total number of wavelet components in the time series 
and the ‘edge error’. 
Earlier in this chapter we have determined the minimum number of wavelet compo-
nents that, when added, allows one to represent each mode. The next step is to determine 
the total number of components, J (cf. Eq. (3.2)) that, after addition to the linear trend,
lead to a precise representation of the time series that is being analysed. In the present 



84 85

the linear trend to modes ## 3 to 8 as computed form Rmax on the other side (full curve) 
differs only in a few spots at the two edges of the 200 year time interval (Fig. 6.9). 

The results, shown in Fig. 6.9 indicate, that once the two largest period modes that may 
be computed from a time series of a given length is added, the signal that results after 
adding the corresponding linear trend to these modes, differs from the same signal pre-
cisely determined by only a few spots at the borders of the time interval considered, that 
in the case of Fig. 6.9 is 200 years. Based on this property and taking into account that 
the two modes with the largest periods that may be computed from the 1725 years long 
time series are the Hallstatt and 2-Hallstatt ones, we define, for operative purposes, the 
Long Trend in the 1725 year long Rmax as the addition of the linear trend, from which 
the 150 spot transition level has been subtracted, to the Hallstatt and 2-Hallstatt modes. 
After assuming that the slope of the linear trend may be disregarded once the edge error 
is amended in the Hallstatt and 2-Hallstat modes, we apply in Ch. 6.4.b2 the Long Trend 
data to amend the edge error in these two modes as computed from Rmax.

6.3.f. The functions that are applied in correcting the edge errors in order to predict 
the various modes of oscillation. For predicting Rmax we must be able to take into ac-
count the edge errors and to predict each of the eight modes of Table 6.1 that, after their 
addition to the linear trend, allow one to determine its envelope. With this purpose we 
introduce the function  F(t): 

(4)                       F(t)=A(t)sin[(2π/(T(t)(t-to ))+φ ]                                                         
(4.1)                            T(t) =T1,2-b [abs(t-to)]                                                                                                                       
(4.2)                           A(t)= A1,2  exp[(1/2) (D/2πTA1,2 )

2 ]      
                                                                                  
The suffixes 1 and 2 refer to the values of T, A and TA prior to and after to respectively.

Fig. 6.8. The four modes that may be computed from the 200 year duration R200  time series (a and b), the 
linear trend (c) and the envelope (d). In (d) the red curve is the noise, while the full curve and the dots 
represent the envelope as computed from the 1725 years lasting Rmax data and from the R200 time series, 
respectively. 

6.3.e. Defining the Long Trend for amending the edge errors in the Hallstatt and 
2-Hallstatt modes. In spite of the strong reduction of the linear trend in Rmax as com-
pared with that in the R200 series (dashed and full lines in Fig. 6.8c), once that the four 
and the eight modes that constitute each of the two time series are added to their respec-
tive linear trends, the envelopes of these two time series that are thus found (full and 
dashed blue curves in Fig. 6.8d), coincide . This indicates that the linear trend of R200 
is the signature of modes #5 to #8. In actual fact, we find that the addition of the linear 
trend and modes #3 and #4 as computed from R200 on one side (dashed curve) and of 

Fig. 6.9: The additions of the linear trend to the secular and the Suess modes as computed from R200 and 
that of the linear trend to the secular, Suess, 2-Suess, Eddy, Hallstatt and 2-Hallstatt modes as computed 
from Rmax (full curve). 
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The values of the nine parameters that, once introduced in Eq. (4), allow one to simulate 
a given wave burst are found as follow: 

to is determined from one of the two data sets:
• Either is it the date on which the strongest oscillation of the whole wave burst has 
passed through zero, in the case that this oscillation is nearly symmetric, 
• or it is the date on which the strongest half oscillation of the whole wave burst maxi-
mizes. In that case this half of the oscillation is very nearly symmetric. 

Once to is determined φ is fixed by the shape of the oscillation to which it is included. 

The values of the remaining seven parameters that together with to and φ allow one to 
simulate a given wave burst with the use of Eq. (4) are determined from the following 
general properties that are valid for each of the wave bursts:

• The period T(t) (Eq.4.1) slightly decreases with decreasing amplitude, at a constant 
rate, b. 
• The amplitude, A(t), varies strongly, being well approximated by a Gaussian function; 
cf. Eq. (4.2) where the parameters, TA1,2 are both within the range of the periods of the 
wavelet components of the mode to which the wave burst belongs. 
• During each wave burst there is an entire number of half-oscillations of which the 
total duration is equal to that of half of an oscillation of a mode with longer period, as we 
have already illustrated in the particular case of the Semi-secular wave burst (top panel 
of Fig. 6.6). The exception to this rule is mode #3 for which each wave burst lasts, instead, 
for a full oscillation of a longer period mode. 

The procedure by which the above general properties are applied for determining the 
seven parameters in Eq. (4) that together with to and φ allow one to simulate a given wave 
burst, is explained below by applying that procedure to the Semi-secular wave burst 
shown in Fig. 6.10 (the succession of blue and red curves). This case is the only one for 
which we know virtually a full wave burst during the time interval for which telescopic 
observations of solar activity are available. Note that the duration of the Semi secular 
wave burst (Fig. 6.10a) is equal to the duration of half a Suess oscillation shifted forward 
by 37 years (Fig. 6.10b).

After selecting to = 1770, φ= 0 from the shape of the given wave burst we introduce an 
iterative procedure that consists of two steps:
 
1) We start by fixing in Eq. (4): A(t) =A1,2 = 54.8, 62.5 and assigning in Eq. (4.1) the initial 

values b= 0 and T1,2 = 54, 56. These last are twice the durations of each of the two half 
oscillations that are going on around to. After that, we increase b and change A1,2 and T1,2 
till the successive oscillations pass through zero as closely as possible, to coincide with 
the observed ones. We find b = 3 year/century, A1,2 = 58, 59 and T1,2 =54.8, 59.0.

2) Assign in Eq. (4.2) the initial value of TA1,2 = 60, that is the value of the largest period 
among those of the wavelet components of the Semi secular mode (cf. Table 6.1). After 
that, decrease TA1,2 till the simulated values of the successive oscillation coincide as well 
as possible with the observed ones (black curve in Fig. 6.9). We find TA1,2 = 40, 62.

We notice that during these wave burst the dates on which the observed and simulated 
curves pass through zero differ by no more than one year and, after 1705 when the ob-
servations became more precise (Clette et al., 2014)1, the values of the simulated oscilla-
tions differ by at most one sunspot number from the actual ones. 

We cannot apply Eq. (4) for simulating the ongoing half oscillation of modes #7 and 
#8, because their respective periods are larger than the duration of Rmax. So we have 

Fig. 6.10 a) A Semi-secular wave burst (#2 In Table 6.1) (blue and red coloured curves) prior to and af-
ter 1705, respectively, where the red number marks the date on which the strongest oscillation of the 
whole wave burst passes through zero (to in Eq. 4), and the black curve is its simulation by Eq. (4) with 
b= 0.03 year/century, φ=0, A1,2 =54.7, 59.0, T1,2 = 54, 56  and TA1,2 = 40, 62.
 b) An isolated half of a 2-Suess oscillation shifted forward by 37 years,  where the dashed yellow curve 
is their simulation by a harmonic function (cf. Eq. 5) with to = 1664, φ= 3/2π, T= 388 and A= 16.4. The 
black vertical lines in the two panels are at the successive dates on which the 2-Suess oscillation passes 
through zero, reach their maximum values, to pass thereafter through zero again.
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simulated them by harmonic functions.

                                      F (t) =  A sin [( 2π/T)( t-to)+φ] ,                                          (5) 

where A and T are the amplitude and period of the harmonic  function;  to is the date on 
which the given half of oscillation started and φ depends on the sign of the considered 
half oscillation. 

In Fig. 6.10b we exemplify the accuracy by which Eq. (5) allows one to simulate the con-
sidered half of the oscillation by applying it to one half of the 2-Suess function. This is the 
mode with the largest periodicity for which we know half of the oscillation that occurs 
during the time interval for which telescopic observations of sunspots are available. It is 
found that the simulated curve (yellow dashed curve) differs from the actual one (grey 
curve) by at most 0.05 sunspot number. This small difference between the two curves is 
indistinguishable in the figure. 

In the next Chapter we present the eight modes of oscillation that are derived from Rmax 
by the methodology introduced earlier in Chs. 6.3.a till 6.3.c. Thereafter, based on their 
properties and mutual relationships, we select the respective sets of parameters that, 
once havjng been introduced in Eq. (4) or Eq. (5), allow one to correct their respective 
edge errors and to predict them. The results are summarized in Table 6.2.

6.4. Determination of the eight modes of oscillation that determine and constitute 
solar activity and their prediction. 
Summarizing: In this Chapter we apply the methodology introduced in Ch. 6.3 for deter-
mining the modes of Solar Dynamo oscillations as observed in the data of Ch. 6.2. Based on 
the results described therein we predict them for an appropriately selected time interval. We 
start in the next Chapter a by summarizing the physical nature of the Intcal 98, the Snmax 
data and Schove’s data. Thereafter, the relationships between modes ##5 to 8 as observed 
from the Intcal 98 data are determined. Thereafter  we correct for the respective edge errors 
and predict the eight modes of oscillation from their observed shapes. It is also found that, 
once the edge error is determined in the linear trend, it appear to be well represented by a 
constant with the value of sunspot number 157.2. Finally, we will predict the Hale mode 
and the Noise from a relationship that we found between them. 

6.4.a. On the physical meaning of the data. Usoskin et al. (2009)41 have shown that the 
cosmogenic isotope 14C data are driven by the solar signal on timescales from about 100 
years up to 1000 years and occasionally even on multi-millennial scales. The cosmogenic 
particle flux is modulated by the solar wind, of which the intensity depends on the di-

polar component of the polar magnetic field and so the Intcal 98 data (cf. Fig. 6.5) are a 
proxy for the strength of this component, as is aamin. On the other hand Snmax (red points 
on Fig. 6.4) is a proxy for the strength of the toroidal component, while prior to 1610, 
Schove’s (1955)2 time series (blue points in Fig. 6.4) is based not only on bare eye obser-
vations of sunspots but also on aurorae. The latter are driven by solar storms. A proxy for 
these is the Sudden Commencement index introduced by Mayaud (1973)8. It was found 
(Duhau and Martinez, 2012)42 that the Gleissberg cycle as determined from aamin and 
from the Mayaud-index time series are qualitatively the same. 

In Fig. 6.11 we compare the spectra of the Intcal 98 and the Rmax time series. Five of the 
six modes that compose the Gleissberg cycle are not only apparent in the Rmax spectrum 
(red stars) but also in the Intcal 98 one (black points) . Moreover, the Suess, 2-Suess and 
Eddy peaks have the same periods in the two spectra. The origin of the difference be-
tween the periods of the 2-Hallstatt and Hallstatt peaks is basically due to the different 

                                                       Parameters  of Eq. 4  

Mode                     T                  TA    A        φ           to                 b                 Interval

2-Hallstatt      4600     ------ 2.5 3π/2 410 ---- 410-2710

Hallstatt 2272 ------ 5.0 3π/2 900 ---- 900-2036

Eddy 1000 600 12.0 π 1518 3 410-2710

2-Suess 400 460 16.3 3π/2 1627 3 1722-2210

 336 ------ 5.0 0 2210 --- 2210-2376

Suess 210 330 42.1 0 1512 3 1930-2036

 210 ----- 9.0 ---- 2036 ---- 2036-2236

Secular 114 110 50.0 π 1857 -3 1990-2046

 93 130 30.0 0 2240 -3 2046-2352

Semi-secular 47 76 20 0 1968 3 1968-2050

 55 70 40 0 2150 3 2050-2230

 67 70 37 0 2150 3 2050-2230  

Hale 27 ------ 7.0 0 2006 0 2006-2020

 22.2 40 19 0 2070 0 2020-2130 

 22.2 40 19 0 2070 0 2020-2130 

Table 6.2. The values of the parameters that, once introduced in F(t) (cf. Eq. 4), allow one to apply them 
to correct the edge error and to predict a given mode, together with the time interval in years, during 
which each of the sets are applied. Ti , TA and to are given in years, Ao in sunspot numbers and b in years/
century. In the cases in which only half of an oscillation is predicted the corresponding simulation is 
made by applying Eq. (5), and then the values of TA and b are not necessary. The results are shown in 
Figs. 6.13 and 6.14 in Ch. 6.4.b.
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a regular behaviour during the whole 1725 year interval covered by the Rmax time series and 
the time elapsed since telescopic observation of sunspots started, appears to be sufficient for 
determining the shapes of the Suess, Secular, Semi secular and Hale modes. Finally from a 
relationship that we find to exist between the Hale mode and the Noise, this last is predicted. 
All this assures an accurate prediction of the eight modes of oscillation and the Noise to 
which the earlier defined constant value of 157.2 should be added, for a safe prediction of 
the sunspot maxima envelope.

6.4.b1. The relationship between the 2-Hallstatt, Hallstatt , Eddy, 2-Suess and Suess 
modes. In Fig. 6.12 we present modes ## 4 to 8 as determined from the Intcal 98 time se-
ries. Next to the open magnetic flux of the Sun, cosmogenic isotope rays are also shield-
ed by the geomagnetic field (for a review see Usoskin et al., 2009)41. Hence, in order to 
determine to what extend this field has impacted on the Intcal 98 time series, we have to 
resort to the observations of the virtual axial dipole moment (VADM) of the geomag-
netic field (the violet curve in Fig. 6.12a).  We note that at the starting and ending dates 
of the Intcal 98 time series VADM has the same value which proves that the increases of 
the amplitude of the 2-Hallstatt and Hallstatt oscillations (cf. green and brown curves in 
Fig. 6.12) is a real fact during the past seven millennia. 

We observe that the durations of the two full Hallstatt oscillations, of which the starting 
and ending dates are indicated by the vertical green bars in Fig. 6.12a, has decreased with 
time in 240 years. Hence, if this behavior would continue till ≈ 2220, during the duration 
of the Hallstatt oscillation that started in 900, we may predict that the duration of the 
half Hallstatt oscillation that started in 900 will be ≈ 1110 years. On the other hand, each 
half of the 2-Hallstatt oscillations is successively passing through zero and reaches its 
maximum synchronously with each successive half of a Hallstatt oscillation, and so the 
period of the 2-Hallstatt oscillation is equal to twice the Hallstatt period. 
 
From the above we conclude that the 2-Halsstatt mode is the first subharmonic of the 
Hallstatt one, of which the respective oscillations have periods that decrease with in-
creasing amplitude. And so, as the amplitude of both modes has steadily increased dur-
ing the last seven millennia, the periods have been steadily decreasing synchronously. 
Consequently the amplitudes of the ongoing 2-Halsltatt and Hallstatt oscillations are the 
strongest of the last seven millennia. The fact that that the amplitudes of the successive 
half Hallstatt oscillations as well as of the 2-Hallstatt modes have increased during the 
last 7 millennia indicates that, as it happens with the Semi-secular mode (cf. upper panel 
on Fig. 6.6), these two modes have also a wave-bursting nature. 

time span covered by each of the involved time series, as will be demonstrated in Ch. 6.4. 
So the Intcal98 time series allows one to determine with precision the evolution of the 
periodicity of the five modes with the largest periodicities that compose the solar activity 
related time series. 

We note that the power of the spectrum of the Rmax time series decreases fast for periods 
above the Suess one. The same does not happen with the Intcal 98 time series, because 
the relative strength of the modes as computed from Rmax on one side and Intcal 98 on 
the other are not the same; they are strongly amplified in Intcal 98, contrary to Rmax. 

Based on the above results we use in the next Chapter the Intcal 98 data for a qualitative 
study of the mutual relationship between modes ##5 to 8, while for modes ## 1 to 4. 
These relationships are found from the Rmax data. 

6.4.b. Prediction of the eight modes of oscillation that constitute solar activity. 
Summarizing: In the next Chapter we will use the Intcal 98 time series for determining the 
relationship between the 2-Hallstatt, Hallstatt, Eddy, 2-Suess and Suess modes. Based on 
these results we determine in the following Chapter the edge errors in the 2-Hallstatt and 
Hallstatt oscillations and in the linear trend as found from Rmax. Thereafter the Eddy, the 
2-Suess, the Suess the Secular, the Semi-secular and the Hale modes are determined from 
the Rmax time series. Data on their shapes and mutual relationships allow one to predict 
each of them. As may be expected, in view of the physical origin of the applied data, we 
find that the irregularity in the shapes of the modes prior to 1610 increases with decreasing 
periods of the relevant modes. Fortunately, the Eddy and the 2-Suess and Suess modes have 

Fig. 6.11. The spectra of the Intcal 98 (black) and the Rmax (red) time series normalized to unity at the 
Suess peak, where the black points and red stars mark the years of their respective peaks and the num-
bers of the same colors near these peaks are the values of the corresponding periods. 
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6.4.b2. The Long trend and the prediction of the ongoing 2-Hallstatt and Hallstatt 
oscillations. The ongoing 2-Hallstatt and Hallstatt oscillations, as computed from the 
1725 years long Rmax time series, may be severely distorted by the edge errors because 
their periods are longer than the duration of the time series itself. To solve that problem 
we compute the Long trend defined as the addition of the 2-Hallstatt and Hallstatt os-
cillations to the linear trend (cf. Table 6.1). The method by which we simulate the Long 
Trend and predict it is presented below. The results are shown in Fig. 6.13.
The starting assumption is that once the edge errors on the Long Trend are determined, 
the slope of the linear trend reduces to zero. In addition, each single half of the oscilla-
tion of a given mode is known to be well represented by a harmonic function (cf. Fig. 
6.10b). As a consequence we may simulate the Long Trend by the addition of a constant 
C to two harmonic functions. With this purpose we need (cf. Eq. 5) to know the values of 
the parameters φ, to, T and, A (cf. Table 6.2) that are essential for the respective ongoing 
half oscillations. The values of φ and to are known from the results shown in Fig. 6.12a; 
the respective periods are equal to twice the duration of the Eddy and Suess ongoing 
wave bursts (cf. Figs 6.14a and 6.14c in Ch. 6.4.2.3) and, finally, the amplitudes of the 
two harmonic function and the constant C are found by selecting those that leads to the 
best fitting of the simulated curve to the one obtained from the Rmax time time series (full 
and dashed curves in Fig. 6.13, respectively). Note that the edge errors of the Long Trend 
(blue curve in Fig. 6.13a) and in half of the ongoing 2-Hallstatt and Hallstatt oscillations 
(brown and green curves in Fig. 6.13b) occur at the two edges of the respective signals, 
covering a time interval of the order of half an Eddy oscillation, as it must be according 
to our analyzes of the edge errors presented in Ch. 6.4.c.

As estimated from the Intcal98 time series the Hallstatt oscillation that started in the 
year 900 will have a duration of 1100 years, a value that differs by only 0.2% from the 
predicted 1136 year duration as found from the Rmax data. As regards the predicted du-
ration of half of the 2-Hallstatt oscillation, this being 2300 year, this value allows one to 
estimate its period to be ≈ 4600 years. This value is very near to twice the Hallstatt oscil-
lation, as it must be because we know from the Intcal98 time series that the 2-Hallstatt 
oscillation is the first sub-harmonic of the Hallstatt one. All these results support the 
methodology that is applied in Ch. 6.4.b3 (cf. Figs 6.14a and b) for predicting the dura-
tions of the Suess and Eddy wave bursts that are synchronous with half of the ongoing 
2-Hallstatt and Hallstatt oscillations.

The duration of each Eddy wave-burst (black curve in b) is related to that of each half 
of the corresponding 2-Hallstatt oscillation (brown curve in b), while the maximum 
amplitude of each of its successive wave-bursts is noticeably stronger when the sign of 
the 2-Hallstatt oscillation is negative than when it is positive. A similar relationship is 
found between the shapes of each Suess Wave-burst and each half of the Hallstatt oscil-
lation (d), and also between this last one, shifted forward by 174 years, and each 2-Suess 
wave-burst (c). Another aspect is that the starting dates, viz. 410 and 900 of the ongo-
ing 2-Hallstatt and Hallstatt oscillations as determined by the Intcal 98 data (green and 
brown b and d), coincide, with a high level of precision, with the starting dates of the 
ongoing Eddy and Suess wave-packets as seen in Rmax (in panels b and d). This allows one 
to predict with some precision the 2-Halsltatt and Hallstatt ongoing oscillations on one 
side and the Eddy, 2-Suess and Suess modes on the other. These matters will be discussed 
later in this Chapter. 

Fig. 6.12: The VADM (violet curve) (from Table I in Genevey et al. 2008)43and the 2-Hallstatt and Hallstatt 
oscillation (a). The other panels show the relationship between the Eddy Wave-burst with each half of 
2-Hallstatt oscillations (b) and of the 2-Suess (c) and Suess (d) wave-bursts with each half of successive 
Hallstatt oscillations. The numbers along the vertical bars are the starting dates of the corresponding 
2-Hallstatt oscillations (brown numbers in a and b) and of the Hallstatt oscillations (green numbers in a 
and d). This last one has been shifted forward by 174 years (green numbers in c). 
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6.4.b3. A prediction of the Eddy, 2-Suess, Suess, Secular, Semi-secular and Hale 
modes. In Fig. 6.14 we present the six modes that, when added to the 2-Hallstat and 
Hallstatt ones (cf. Fig. 6.13b) together with the 157 sunspot number constant allows for 
a determination of the sunspot maxima envelope. We observe that, with the exception 
of the Hale mode, the duration and maximum amplitude reached by the oscillations 
during each of the successive wave bursts (Figs. 6.14a till d) is related to each half of an 
oscillation with a longer period. With regard to the Hale mode (Fig. 6.13c) the duration 
of each successive wave burst is related to the duration of each successive half of a Suess 
oscillation, but the maximum amplitude reached for each of them is instead related to 
the amplitude and sign of the Eddy oscillations, respectively. 

Hence, in the above relationships that exist between the eight modes there is sufficient 
information to straightforwardly determine the parameters of Eq. (4) (cf. Table 6.2). 
This enables one to simulate the durations of the Eddy (a), the 2-Suess (b) , Suess (c), the 
Secular, (d) and Semi-secular (e) wave bursts. 

The ongoing Suess and 2-Suess wave bursts are expected to end in 2036 and 2210, re-
spectively. Hence, to obtain values for these predictions for a longer time span we add 
one and a half oscillation to it. These are represented by two harmonic functions with pe-
riods and amplitudes that are equal to the respective averages as seen in the oscillations 

Fig. 6.13: a) The Long and the linear trends and (b) the Hallstatt and 2-Hallstatt oscillations as computed 
from Rmax, prior to and after having corrected them for their respective edge errors (dashed and solid 
curves, respectively). The latter have been predicted by the procedure outlined above. In (b) the num-
bers at the vertical bars are the dates on which the 2-Hallstatt (brown) and Hallstatt (green) oscillations 
passed through zero and were predicted to be passing through zero again, respectively. 

Fig. 6.14: The Eddy, the 2-Suess, the Suess, the Secular, the Semi-secular and the Hale modes as deter-
mined from Rmax, where the blue, red and black colours differentiate between the values of the respec-
tive modes of Rmax (cf. Fig. 6.4) before and after 1610, and between those computed either by Eqs. (4) 
or (5) with the parameters of Table 6.2. The numbers attached to the vertical bars in (a), (c) and (b) are 
the years in which half of the ongoing 2-Hallstattt and Hallstatt oscillations (the last one shifted forward 
by 174 years) respectively passed through zero or are predicted to pass through zero again. In panels (d) 
and (e) the 2-Suess Wave-bursts are shifted forward by 130 and 37 years, respectively. In panels (d) to (f ) 
the numbers at the right indicate the ending dates of the respective predictions. In panels (b) to (f ) the 
dashed and solid curves of the same colours and these curves from there onward, are the correspon-
ding signals multiplied by the amplification factor (cf. Table 6.3). This is done differently, depending on 
the sign of the succeeding half of the oscillation. 
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of a successive Hale oscillation reaches its maximum amplitude, apart from the case of 
sunspot maximum #9 which is at an inflection point.  As a result the  G-O rule leads to 
pairs of relative maxima and minima of the Hale oscillations occurring in synchronicity 
of each sunspot maximum odd- even pairs; this being a rule that is violated by the pairs 
##4-5 and ##8-9. This proves that the odd-even rule is determined by the shape of the 
Hale mode, and so this mode is the signature of the sunspot maxima time series of the 
Hale cycle. 

As stated by Nagovitsyn et al. (2009)48 the G-O rule has been found to hold not only for 
statistical indices of solar activity but also in the context of the physical parameters of the 
solar magnetic field: the sunspot magnetic flux and the open magnetic flux. We have es-
tablished that the hypothesis of Usoskin et al. (2002)49 about the ‘loss’ of one cycle at the 
end of the 18th century allows the Gnevyshev-Ohl rule, which regulates the behaviour 

that were going on during the previous positive phase of the 2-Hallstatt and Hallstatt 
oscillations, respectively. The results are summarized in Table 6.3.  

The six modes listed in Table 6.3, are those for which we have enough information to 
enable their determination from the number of oscillations during each wave burst as 
a function of the sign of half the oscillation. We found that this number is larger when 
the sign is positive than when it is negative. Hence, the average period of the successive 
oscillations during a given wave burst changes from one wave burst to the next, being 
smaller when this sign is positive that when it is negative, as is exemplified in Figs. 6.6 
and 6.7.

6.4.c. The properties of the Hale mode. As summarized by Mursula et al. (2002)44: an 
empirical Gnevyshev-Ohl (G-O) rule (Gnevyshev & Ohl, 1948)45 demands that sunspot 
cycles occur in odd-even pairs, so that the intensity of the odd cycle of a pair exceeds 
that of the preceding even cycle. However, the G-O rule in the Wolf sunspot series is only 
valid since solar cycle #10 and fails for cycle pairs ##4-5 and ##8-9 (Gnevyshev and Ohl, 
1948; Vitinsky et al., 1986; Storini and Sýkora, 1997)45,46,47. 

Fig. 6.15 shows the Snmax Hale mode and the addition to it of the Noise (full and dashed 
curves). For predicting the Noise (black dashed curve) it has been taken into account 
that its value at the date of occurrence of each Sunspot Maximum is at most equal to 
50% of the value of the Hale oscillations at their successive relative maxima and minima. 

Notoriously, since sunspot maximum #10 the dates on which successive Sunspot Maxi-
ma occur (points in Fig. 6.1) coincide with those (points on Fig. 6.15) on which each half 

Wave burst            Half                   Number of oscillations                     Amplification

                                of oscillation            negative       positive            negative      positive

Eddy  2-Hallstatt      2.5     3.0 3.0 ----

2-Suess  Hallstatt     3.0     3.5 3.4 1.5

Suess Hallstatt      5.5      6.5 8.5 3.0

Secular 2-Suess     1.75      1.75 3.0 1.0

Semi secular  2-Suess      3.0      4.0 3.7 2.0

Hale  Suess      4.5      5.0 1.0 (Eddy)  3.0 (Eddy)

Table 6.3. The properties on which the predictions of the Eddy, 2-Suess, Suess, Secular and Semi secular 
wave- bursts are based. Here, the Amplification factor is defined as the quotient between the maxi-
mum amplitude reached during each wave burst and the amplitude of half the oscillation that determi-
nes the number of oscillations in each of them. In the Hale case the maximum amplitude reached by the 
oscillations is not determined by half te length of the Suess oscillation that determines its duration, but 
by the Eddy oscillation, as indicated to the right side of the respective amplification factors.

Fig. 6.15. The Hale mode in the interval 1705 to 2014 (the succession of green and red curves as in Fig. 
6.2) and its prediction till 2130 (black curve). The dashed curves result from the addition of the Noise to 
the Hale mode. The succession of green, red and black points are at the dates on which each successive 
sunspot maximum occurs. The red and the green numbers at the vertical bars indicate the dates of oc-
currence of the last two transitions (cf. Fig. 6.2). The violet numbers are at the dates on which some of 
the odd-even sunspot maxima pairs violated the G-O rule prior to sunspot maximum #10 and the green 
-red and red-green pairs indicates those that occurred around the 1923 and 2006 transitions (cf. Fig. 6.2). 
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path of the Grand XX century Maximum (red curve) as compared with that during the 
previous Regular Episode (green curve) is due to some particular phenomena that is oc-
curring during the Hale cycle that separates these two Episodes. It is highly relevant that 
the odd-even rule is fulfilled at the pair #15-16 by Snmax, but violated by the aamin one (cf. 
Fig. 6.16c). This is due to the fact that the amplitude of the Hale full oscillation of aamin 
that was relevant around 1923 appears to have no relation to that of Snmax, which has 
a substantial amplitude. From this we infer that there is some component of the polar 
field that is not detected by the Earth’s magnetosphere, but is strong enough around the 
1923 Transition to lead by itself to the G-O rule to be fulfilled in the toroidal one. From 
all the above we speculate that the Earth’s magnetosphere is sufficiently far from the Sun 
to ensure that only the dipolar component of the polar field is leading to geomagnetic 
activity. At the same time there must be other components of the solar dynamo polar 
field that are contributing to the polar component, such that they are quite relevant for 
the fulfillment of the G-O rule in the polar field.  

The above assumption finds support in the observations of heliospheric observations at 
2.5 solar radii, where spacecraft observations during the sunspot minimum #20 (1965-
1966) indicate that there is a north south asymmetric in the heliospheric magnetic field 
and that the heliosphere current sheet (HCS) is inclined with respect to the solar equa-
tor. This suggests the existence of a quadrupole component on the solar magnetic field 
(Gonzalez-Sparza, 2000)50. Moreover according to Mursula and Hiltula (2004)44 a multi-
pole expansion of the HCS reveals a strong quadrupole term which is oppositely directed 
to the dipole term, which implies that the Sun has a symmetric quadrupole dynamo mode 
that oscillates in phase with the dominant dipole mode.

Based on all the above we conclude that the evolution of solar activity is affected by the 
development of the relative phase between the dipolar component of the polar field with 
respect to the remaining components of the polar field, and also by its relative strength. 
Heliospheric observations of the solar magnetic flux are very relevant for disentangling 
this possible relationship. 

6.5. The long term prediction of Solar activity 
Summarizing: In Ch. 6.5.a we will study the origin of the relationship that exists between 
the signs of each half of the Hallstatt oscillations and the nature of the corresponding solar 
dynamo episodes as well the origin of Short Minima and Maxima. From the results thus 
found we will make a qualitative prediction of solar activity till ≈ 2200, which is the year 
in which the Hallstatt cycle is predicted to pass from negative to positive values. Thereafter 
we predict the date of occurrence and the values of sunspot maxima ## 25 to 35. Finally, in 
the last Chapter we discuss how the Hallstatt oscillation, to which all the other modes are 

of physical parameters of the solar magnetic field, to have a broader context, being valid 
without any exception during the last 400 years. Hence, in actual fact, we can talk about 
the Gnevyshev-Ohl law of the long-term dynamics of the solar magnetic field, this being 
a law that holds for both normal and extreme levels of solar activity. Indeed, the last 400 
years interval contains the earlier described three kind of possible Episodes that may be 
due to the solar dynamo in the course of time. Hence we conclude that the G-O rule is 
due to some intrinsic feature on the solar dynamo system. 

To continue the understanding the evolution of the Hale mode in Fig. 6.16 we show this 
mode in aamin and in Snmax as functions of time during the interval when aamin is known, 
(Fig. 6.16a), its phase diagram (6.6b), and together with it the sunspot maxima in the 
neighbourhood of the 1923 Transition (Fig. 6.16c) . Similarly to what happens with the 
Snmax mode for which, after sunspot maximum #10, each half of Hale oscillation reaches 
its maximum value in synchronicity with each sunspot maximum (the succession of 
green and red points in Figs. 6.15 and 6.16a) and a similar behaviour is followed by the 
Hale mode in aamin. 

We observe that, when approaching the 1923 Transition date, the path in the phase dia-
gram of the Hale mode (cf. Fig. 6.16b) changed suddenly its direction, to become nearly 
vertical around this date. This indicates that the appreciable change that is seen in the 

Fig. 6.16. a) The Snmax and aamin Hale modes (the succession of green and red curves, and the blue curve, 
respectively), b) their phase diagram and c) Snmax and aamin after having subtracted their respective 9.8 
nT and 1500 sunspot numbers. Transition level values (circles and stars, respectively) apply to the inter-
val 1890-1958, together with the Hale mode of these two variables. 
In a) the points and stars mark the values of the two signals on the dates of occurrence of the successive 
maximum amplitudes. In the three panels the numbers refer to the odd-even pairs that occurred round 
the 1923-Transition. 
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accordance with the fact that Grand Maxima and Grand Minima occur only when the 
sign of the Hallstatt oscillation is negative. 

However, not only the Suess but also the 2-Suess oscillation (blue curve in Fig. 6.17b) 
plays a central role in determining the nature of the successive episodes. For instance, in 
1620 a Suess and a 2-Suess oscillation were passing synchronously from positive to nega-
tive values, thus leading to the strongest Maxima and Minima of the last 1725 years. This 
is contrary to what happened around the year 1842 (green line) when a Suess oscillation 
was passing from negative to positive values, while at the same time a Regular Episode 
occurred. On the other hand the ripples that may be seen in some of the Grand Episodes 
are due to the contribution of the secular modes. 

From the shape of the Gleissberg cycle, as predicted till 2238, we confirm (for a review 
see De Jager and Duhau, 2016) that the Solar Dynamo Episode that started after the 
2006-Transition will be of the Regular type (green curve in Fig. 6.17a). In 2036 the Hall-
statt oscillation will change sign from negative to positive and so the amplitude of the 

directly or indirectly related, may be excited by planetary motions, as was suggested first 
by Charvàtovà (2000)31 (for a review and more recent advances of the subject see Scafetta 
et al., 2016)51. 

6.5.a. A prediction of the nature of solar dynamo Episodes till the end of the third 
Millennium. Long-term prediction of solar activity is only possible if the properties 
of solar modes of oscillation continue in the course of time and when their behaviour 
during each of their respective Wave-Burst is regular. The results of Figs. 6.12 and 6.14 
show that such is the case for modes whose periods are at and above the Suess one. The 
same happens with the Secular mode (cf. Fig. 6.14d) for data since 1610; this being the 
date after which Rmax is based solely on telescopic observation of sunspots. As Rmax data 
prior to 1610 are mainly based on auroral frequencies and visual observations of large 
sunspots the apparent irregular behavior of the Secular mode is due to the discrepancy 
of the same mode as seen in each of the two variables from which Rmax is built up. 

Based on the above, a long term prediction of the Gleissberg mode is, at least in princi-
ple, possible. However, from the two time series on which our study is based (cf. Figs. 
6.4 and 6.5), we do not have enough information on the amplitude of half the Hallstatt 
oscillation that is expected to start in 2036 (cf. full green curve in Fig. 6.13b). Conse-
quently, as the behavior of all the modes ultimately depends on that of the Hallstatt 
mode, our prediction of the Gleissberg cycle can only be precise till 2036. After that it is 
only qualitative. 

As summarized by Usoskin (2017)22: Grand minima tend to appear in clusters with rough-
ly 2400 years separation (the Hallstatt cycle, see e.g., Damon and Sonett, 1991)52. Within 
the clusters, the Grand minima appear with roughly a 210-year quasi-periodicity (de Vries, 
1958, Suess, 1980)19,20. 
We know (cf. Fig. 6.2) that Grand Maxima (or Minima) appear in the Gleissberg cycle 
as a strong and negative (or positive) oscillation with a duration that is nearly twice the 
one that corresponds to that of the Regular Episodes (the sequence of blue, green and red 
curves in Fig. 6.1). The origin of this behavior, illustrated in Fig. 6.17, is explained below.

From the six modes that constitute the Gleissberg cycle, the Suess one (red curve in Fig. 
6.17b) is the one whose period, this being about two centuries, has a value that is in the 
range of the duration of Grand Minima and Grand Maxima. This indicates that a neces-
sary condition for these Episodes to occur is that the Suess oscillation is strong enough. 
We know (cf. Table 6.3) that the maximum amplitude that is reached by the Suess oscil-
lation during each wave burst depends on the sign of the Hallstatt oscillation, this being 
nearly 3 times larger when this last one is negative instead of positive. This property is in 

Fig. 6.17 a) The Gleissberg cycle , where the black and green curves differentiate between the periods 
prior to and after 2006, respectively. b) The 2-Suess and Suess modes (blue and red curves, respectively).
In the two panels the green bars are on the dates on which the Hallstatt oscillation successively changed 
from positive to negative values and back again to positive values. The black bars indicate the dates on 
which two successive strong Suess oscillations pass through zero, which happens synchronously with 
two of the strongest 2-Suess oscillations of the whole period.
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It is noticeable that in 2036, the year in which the Hallstatt oscillation is predicted to pass 
through zero, the Gleissberg cycle is expected to be passing over the 7.2 sunspot level 
while undergoing at the same time a short full oscillation with an amplitude that is of 
the order of the data error. 

As a next step we determine the origin of Short Minima, like the Dalton one, and also 
of the Short Maxima (indicated by the blue and red S respectively in Figs. 6.4 and 6.18). 
We find that the necessary conditions for the occurrence of these Episodes is the syn-
chronicity of a semi-secular oscillation that is strong ‘enough’, with half an oscillation of 
the Gleissberg cycle of the Regular type (green curve) while both are negative (or posi-
tive) in the case of Short Minima (or Maxima). 

6.5.b. Prediction of Sunspot Maxima ##25 to 35. In the addition of the envelope and 
the Noise as found from Snmax (black curve in Fig. 6.18) at each of its peaks, valley or 
inflection points appears to yield a difference from the observed values (the sequence 
of blue, green and red points in Fig. 6.19) by less than 0.5 sunspot numbers. This is so 
in all cases; hence these small differences are not observable in the figure. This property 
allows for a straightforward prediction of the dates of occurrence and the values of the 
forthcoming 11 sunspot (Schwabe) maxima. 

As the predicted values of the Gleissberg cycle are quantitatively precise only till 2036 
while the behaviours of the Semi-secular and the Hale modes (cf. Fig. 6.3) are somehow 
irregular even after 1705, the year in which Snmax  started, we have fairly accurate esti-
mates of the errors of our predictions, but only for sunspot maxima ##25 -26. Based on 
this consideration we summarize our prediction as follows: the pair of sunspot maxima 
##25-26 will occur in 2025 ± 1 and 2036 ± 1 and it will have values of 160 ± 8 and 150 
± 8 sunspot numbers, respectively. After that, sunspot maxima #27 to #31 will be oscil-
lating around the 157.2 sunspot level, thus fulfilling the odd-even rule with a variable 
amplitude that will be at most 40 sunspot numbers. Finally, at sunspot maximum #31 
occurring in 2081 ± 2 a Short Minimum, similar to the Dalton one will start, during 
which the odd-even rule may be violated by the ##33-34 Schwabe pair. Also, solar ac-
tivity will emerge from this Short Minimum at sunspot maximum #35 which will occur 
in 2130 ± 2.

6.5.c. Preliminary discussion of the origin of the behavior of Solar Dynamo modes 
of oscillation. In Ch. 6.4 we found that the solar dynamo system contains eight modes 
of oscillation that exhibit well defined and persistent mutual relationships. These are on 
one side the Eddy mode, and the 2-Suess and Suess modes on the other. They are related 
to the Hallstatt modes. In turn the Secular- and Semi-secular modes are related to the 

Suess oscillation will be strongly reduced as compared with those prevailing prior to that 
date. As a consequence the Regular Episode that has just started will last for the rest of 
the present millennium. 

Fig. 6.18. The Semi-secular mode (black curve), the Gleissberg cycle (the succession of blue green, red, 
and green again that indicates the kinds of Episodes as in Fig. 6.2), and the 2-Suess oscillation shifted 
forward and multiplied by 3.4 and 1.5 (full and dashed pink curves, as in Fig. 6.14e). The letter D indicates 
the Dalton Minimum and the red and blue letters S the Short Maximum that preceded to the Dalton 
Minimum and the Short Minimum that is predicted to occur around 2130 (cf. Fig. 6.19) . The black and 
green vertical bars are at the date of the last transition and the date on which the Hallstatt oscillation is 
foreseen to be passing from negative to positive. 

Fig. 6.19. Sunspot maxima as found by adding the 157.2 spot constant to modes ##1 to 8 and the Noise 
(definitions are given in Table 6.1; black curve) and the values of the successive observed (points) and 
predicted (stars) sunspot maxima. The colours in the interval 1705-2014 are as in Fig. 6.1 and the black 
numbers at the green points indicate the two pairs of sunspot maxima that violate the O-D rule. The 
black numbers at the vertical bars mark the dates of occurrence of the last two transitions (cf. Fig. 6.2) 
and the green one marks the date on which the Hallstatt oscillation is predicted to be passing through 
zero form negative to positive (as in Figs. 6.13b and 6.17a).
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ing detailed dynamo models of the solar cycle, it is quite sobering to reflect upon the fact 
that the physical mechanism responsible for the regeneration of the poloidal component of 
the solar magnetic field has not yet been identified with confidence. 

6.6. Summary and conclusions. In previous research solar activity has been represented 
to related variables such as the addition of two signals that were named bi-decadal and 
semi-secular oscillations modes. To these the Gleissberg cycle has been added. As this 
last one undergoes sudden changes in amplitude and duration in the course of time, 
this methodology allows one to predict with some degree of accuracy one sunspot cycle 
maximum in advance, but no more than that. 
A new methodology based on the Wavelet base functions is introduced (cf. Ch. 6.3) that 
allows one to detect meaningful signals from a longer time series related to solar activ-
ity. By applying it to a 7080 years series of cosmogenic isotope data and to a 1725 years 
sunspot maxima time series, both being presented in Ch. 6.2, we find (Ch. 6.4) that the 
sunspot maxima time series can be represented by the addition of a constant value of 
157.2 sunspot numbers to eight ‘modes of oscillation’ to which we added a curve repre-
senting the Noise.
The eight modes are the Hale one, that we renamed the bi-decadal one in view of its 
properties, the Semi-secular, and six additional modes, viz. the Secular, Suess, 2-Suess, 
Eddy, Hallstatt and 2-Hallstatt modes, that, when added to a 157.2 spotnumber lev-
el, allows for an accurate representation of the Gleissberg cycle. It is found that the so 
found eight modes have a repetitive behaviour and well defined mutual relationships. 
These latter are based on the development of a method for predicting the eight modes of 
oscillation and by evaluating the Noise. By this method it appeared possible to predict 
the Gleissberg cycle for the next two centuries and the dates of occurrence as well as the 
values of sunspot maxima ##25 to 32 (cf. Ch. 6.5).

It is found that the shapes of all modes, apart from that of the Hallstatt one, are directly 
or indirectly related to the shapes of each half of a Hallstatt successive oscillation, as 
follows:

1. The period of each half of a 2-Hallstatt oscillation is equal to that of a full Hallstatt 
one. And, during the last seven millennia the amplitudes of their successive oscillations 
have been increasing and at the same time their periods have decreased.

2. The remaining six modes are constituted by a succession of wave bursts of which the 
duration and maximum amplitude reached by their successive oscillations are related to 
the amplitude and sign of each half of the oscillation of a long lasting mode. 

2-Suess one and the Hale mode to the Suess and Eddy modes. Finally the 2-Hallstatt 
mode is related to the Hallstatt one with a time delay that has a value equal to a fourth 
part of the previous Hallstatt oscillation. From all this we conclude that all the modes of 
oscillations are ultimately related to the Hallstatt one. 

Charvàtovà (2000)53 found that the Jupiter/heliocenter/barycenter alignment has a pe-
riodicity of 2402.2 which made her advancing the hypothesis that the Hallstatt ‘cycle’ is 
excited in the solar dynamo by inertial solar motions. More precise computations were 
performed by Scafetta et al. (2016)51. They included in their computations the four Jo-
vian planets: Jupiter, Saturn, Uranus and Neptune, and they found that the orbit of the 
planetary mass center (PMC) relative to the Sun is varying. Thus they arrived at virtually 
the same value: a 2318 years periodicity. 

On the other hand the time that is estimated for the four Jovian planets to come back 
to the same position, except for a rotation of 30° is 179.8 years (Jose, 1985, cf. Fig. 6.4)55, 
which leads to the conclusion that the four satellites return to the same position with a 
period of 12 x179.8 = 2146 years, which is also in the range of the Hallstatt periodicity. 
Notoriously there are 12 Suess oscillations during each Hallstatt one (cf. Table 6.2). So it 
appears that the each Suess oscillation is related to the 179. 8 periodicity of the planetary 
motions. In turn, as summarized by Fairbridge and Shirley (1987)54 the progression of the 
inertial orientation parameter is controlled by the Jupiter Saturn 900 year ‘Great Inequal-
ity’, while the processional rotation parameter is linked with the 179 year cycle of the solar 
inertial motion identified by Jose (1965)55. On the other hand, Somerville (1831)56 found 
that the Jupiter-Saturn inequality reached its maximum value in the year 1560 and the 
mean motion of the two planets approached their true motions, and became equal to 
them in 1790. In that context it is noticeable that the Eddy mode reached it maximum 
negative value in 1518 and passed through zero in 1748, dates that have both the same 
time delay of 42 yr, with respect to the progression of the Great Inequality of Jupiter and 
Saturn. These observation do strongly support the hypothesis that the Eddy mode is the 
signature on solar dynamo motions by the Jupiter Saturn Great inequality.

Some other periodicities has been found in planetary motions and the solar orbital mo-
tion (for a review see Scafetta et al., 2016)51. When comparing these periodicities with 
those in solar dynamo modes of oscillations we must take into account that, when com-
puting the functions associated to solar-planetary motions, the Sun and planets are as-
sumed to be rigid spheres. However, as stated by Fairbridge and Shirley (1987)54 to fully 
understand the interaction between the solar dynamo and planetary forces the physical 
interaction inside the solar body must also be considered. This may explain why, as has 
been stated by Charbonneau (2010)57: Given the amount of effort having gone into build-
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negative to positive, we predict that the current Regular Episode will last for the rest of 
the XXI-millennium. Moreover, as stated by Weiss and Tobias (2014)58: the apparent 
distinction between episodes of strong modulation, and intervening episodes with milder 
modulation and weaker overall activity, hints at the solar dynamo following a variety of 
solutions, with different symmetries, over the course of millennia.

Besides allowing thus for the above described long-term predictions of solar activity, 
hence by clarifying the origin of the persistent and well- defined relationship between 
the eight modes of oscillations, the present forecasts have relevance for the knowledge of 
the nature of the solar dynamo system and of its motions. In that framework the main 
questions that arise from the above are:

1. Why is such a regular behaviour maintained by a system that is intrinsically stochastic? 
(for a review see De Jager, 2005)21

 
2. What is the origin of the persistent asymmetry in the solar dynamo system that is 
indicated by the behaviour of the modes?

3. What is the origin of the bursting nature of solar modes of oscillation as observed in 
solar activity variables? 

4. While the periods of the 2-Hallstatt and Hallstatt oscillation decrease with increasing 
amplitude, the contrary happens with the Eddy, 2-Suess, Suess, Secular Semi-secular and 
Hale modes. Why is that so? 

5. What is the origin of the difference of 7.2 sunspot numbers between the 157.2 level 
around which Sunspot maxima oscillate and the 150 sunspot Transition level.

6. Why, as have been stated by Charobonneau57: the physical mechanism responsible for 
the regeneration of the poloidal component of the solar magnetic field has not yet been 
identified with confidence. 

As regards question #1, such a regular behaviour of the solar dynamo modes of oscilla-
tions indicates that solar dynamo motions are ultimately forced by a fairly well defined 
deterministic system, as is the solar-planetary one, as was suggested first by Jose (1964)55 
(for a review and recent advances on that subject see Scafetta et al., 2016)51. Some new 
evidence about the existence of this phenomenon is presented in Ch. 6.5.c. However, the 
involved forces appear not to be strong enough to produce solar dynamo motions of the 
observed magnitude (see e.g. Callebaut et al., 2000)59. On the other hand, as has been 

3. The amplification factor, defined as the quotient of the maximum amplitude reached 
during each wave burst and the amplitude of half the oscillation that determines its du-
ration, is larger when the sign of this last is negative. In contrast to this, its positive 
behavior indicates that there exist a permanent asymmetry in the solar dynamo system. 

4. Properties ##1 to #3 lead to the consequence that Grand Maxima and Grand Minima 
only occurs when the sign of the Hallstatt oscillation is negative, while a long lasting 
Regular episodes does occurs when this sign is positive. 

5. Short Maxima and Minima may sporadically occur, depending of the relative phase of 
a Gleissberg oscillation of the Regular type and a Semi-secular oscillation that belongs to 
a wave burst that is synchronous with half of a negative 2-Suess oscillation. 

6. While the periods of successive 2-Hallstatt and Hallstatt oscillations decrease with 
increasing amplitude the contrary happen with the remaining six modes.

7. The envelope of signals related to solar activity is defined as the addition of 157.2 sun-
spot counts to the eight modes of oscillations. It is found that the envelopes of sunspot 
maxima vs. that of geomagnetic index aa at minima recurrently return to the ‘Transition 
Point’ (at 9.8 nT, 150.0 sunspot number). After that the Gleissberg cycle changes in am-
plitude and duration. 

8. The 157.2 sunspot level around which the sunspot maxima envelope oscillates differs 
from the transition level by a constant of 7.2 sunspot numbers. 

9. The dependence of the Hale mode on Snmax and on aamin indicates that besides the di-
polar component of the polar field, of which aamin is a proxy, there is another component 
of the polar field that plays a central role in forcing the odd-even rule (Gnevyshev & Ohl, 
1948)45. This is consistent with the strong quadrupole field inferred from heliosphere 
observations (Bravo and Gonzáles-Eaparza, 2000; Mursula and Hiltula, 2004)50,44. 

10. The ongoing Hallstatt oscillation is predicted to change sign from negative to posi-
tive in ≈ 2036 while the pair of sunspot maxima ##25-26 is predicted to occur in 2025 ± 
1 and 2036 ± 1, while having values that will oscillate around the 157.2 sunspot level with 
an amplitude that is equal to the 7.2 constant. This is within the data error.

11. The Episode that will follows after the most recent Transition (of 2006), during 
which the Grand XX Century maximum ended, is predicted to be of the Regular Type, 
and as the Hallstatt oscillation is predicted to be passing 20 years later through zero from 
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claimed by Fairbridge and Shirley (1987)54 for an accurate estimation of the interaction 
between the solar dynamo and the solar-planetary system we must include in the com-
putations all the relevant physical interaction, of which the most relevant is the complicated 
system of physical interactions within the Solar body. 
Only after including this interaction and removing some other approximations it may be 
possible to answer questions ##2 to 6. This is a task for later investigations. 
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Summary. The average terrestrial temperature varies strongly over the oceans and the con-
tinents and with time and latitude.  A reliable set of data is obtained by restricting to the 
average Northern Hemisphere ground temperature. The ‘average’ is obtained by smoothing 
the directly observed  data; a ‘smoothing interval’ of 18 years is derived. 

Problems encountered in deriving the average temperature. The problems we meet 
in deriving the average global temperature are manifold. There is a great diversity: there 
are continents and oceans; large wood-covered areas and deserts, largely populated cities 
versus the  thinly populated country-sides; tropical and polar regions.  The problem is 
how to derive  scientifically significant average temperatures over such various areas and
over various times. 
The authors involved in such studies have tried, each of them in their own way, to coop 
with the above problems. This chapter describes a number of studies that seem to react 
‘best’ to these problems. While involved in that study it appeared quite rapidly, and in ac-
cordance with other authors,  that a scientifically significant average can only be derived 
for the Northern hemisphere, and not for the southern. This conclusion explains part of 
the title of this Chapter. In addition, cities should be excluded from these investigations.    
In this Chapter some studies are described that may be considered  to satisfy the demand 
for scientific  significance. Thereafter, by the process of smoothing the data, an average 
curve is derived for the variation of  the temperature after 1610. This latter restriction 
is based on the fact that data on sunspots, these being one of the components of solar 
magnetic variability, are only available after the introduction by Galilei of the telescope 
for astronomical observations.

Collecting data into a general average temperature curve for the northern hemi-
sphere. After a critical consideration of the various sets of average northern hemisphere 
temperature data, as published in the current literature,  it was decided to choose as the 
basic temperature set the one of Moberg et al. (2005) which is restricted to the conti-
nental part of the northern hemisphere and in which data referring to cities etc. are not 
included.  Since this data set does not extend beyond  the year 1980 and because the 
few decennia after that year are interesting for the study of the sun-climate relationship 
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Ch. 7.  THE VARIATION OF THE NORTHERN 
HEMISPHERE GROUND TEMPERATURE OVER 
THE PAST FOUR CENTURIES; WEATHER AND 
CLIMATE 
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latter diagram does not show solar activity but it gives  average terrestrial climate values, 
which are slightly correlated with solar magnetic activity, as will be shown in this book. 
Both are discussed in more detail in Chapters  8 –10. 

It is in connection to the present problem of some importance to discuss the problem of 
smoothing the data on weather.  Climate is the average of weather. The latter may change 
from day to day while climate is defined for longer periods of time.  This chapter defines 
weather and climate and describes the ways of averaging and how to smooth the weather 
data, which is a procedure that is needed in order to obtain the climate information. 

Weather is the combination of some of the most important  meteorological components, 
such as the temperature, wind direction and speed, the type and amount of precipitation, 
the number of daily sunshine hours, etc. Weather phenomena are typical for a specific 
region and for a short period of time.

Climate. The climate describes the long term average weather conditions for a specific 
region. Examples are maritime climate, desert climate, tropical climate.  Clearly, the cli-
mate is dependent on different components and factors. The length of a typical climate 
definition differs in various climate studies. Typically it is of the order of some tens to 
30 years.

Smoothing. In this book we are mainly interested in the variation of climate in depend-

(for various reasons, that will become  clear in the end of this Chapter and later in this 
book), it was decided to extend the Moberg data set by those  published by Brohan et al. 
(2006) and Kennedy et al. (2007). Minor further additions are those published by Jones 
et al. (1998), Mann et al. (1999), Mann and Jones (2003), Briffa (2000), Overpeck et al., 
(1997), Crowley and Lowery (2000).  Several of these sets have been used previously by 
De Jager and Usoskin (2006). It is obvious that not all of these are based on the same 
level of the zero point. They were brought to that equality by smoothing the direct data 
and subsequent determination of the  respective zero point levels of the various data 
sets. In addition, during their study it  became clear that some of these reconstructions  
are fairly inhomogeneous. Not all of them are really global; neither are not all of them 
strictly restricted to the Northern Hemisphere. And some of them are only restricted  to 
certain global zones. In view of these apparent inhomogeneities  it needs care  to select 
the ‘best’ or the ‘most suitable’ temperature file. It was decided to limit this data set to 
all recent (i.e. after 1998) temperature files that were published in peer-refereed papers 
in international journals. These were all submitted to a critical examination in order to 
check if they really satisfy the demands set in this investigation. 

Establishing the average Northern Hemisphere ground temperature data set.  An-
ticipating the description presented in the next chapters we refer to Fig. 8.1.  The data, 
as collected and determined in the ways described above, are shown  in that diagram. It 
presents a large number of triangular points. Each of them represents the temperature 
measurement  for a certain year or for another similar brief period.  An average temper-
ature curve is thereupon derived from these points by smoothing (cf. later this chapter) 
and by that procedure the smooth solid curve of Fig. 8.1 is derived. It shows what we 
consider to be the ‘best’ variation of the average northern hemisphere ground tempera-
ture with time during the period 1610 to ≈ 2005.
In this book the temperature curve of Fig. 8.1 will henceforth be called the MobBroh 
curve or the MobBroh model.

Low solar activity in the beginning of the 21st  century. 
After the high solar activity in the second part of the 20th century the sun became very 
calm and virtually  inactive after the year 2000. That continued so during  the first decade 
of the 21st century till a few years after 2010.  Thereafter solar sunspot activity started 
to rise again. Since solar activity tends to influence the  Earth’s temperature and since 
both are related,  this epoch of low solar activity is also visible in the resulting terrestrial 
temperature:  after  2000 the strong temperature increase of the second part of the 20th 
century is nearly  reduced to close to zero and during a few years the terrestrial temper-
ature stayed practically at the same, virtually constant, level.
This standstill is slightly visible in Fig. 8.1, but it appears more clearly in Fig. 7.1. This 

Fig. 7.1.  Monthly average  temperatures for the period 1979 till 2018. Courtesy Ole Humlum, University 
of Arizona in Huntsville, USA.
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ence on solar magnetic activity. Hence we should study weather variations over some pe-
riod of time related to typical solar variations. That period should be longer than e.g. the 
duration of the Schwabe solar cycle, and also of the consequences of  volcanic eruptions, 
or of oceanic variations such as El Niño,  etc.   On the other hand, it should not be longer 
than the typical time that distinguishes the differences in shape and duration between 
successive pairs of solar cycles. Hence it should not be longer than or at best equal to 
about 20 years. In the present  approach all physical parameters of the solar photosphere 
that influence climate changes have to be smoothed. 
On the basis of these considerations we will first define a typical period for smoothing 
the short-period weather-related climate variations, such as those that are described by 
the annual number of sunspots. We will discuss three ways of approaching this problem. 
We call them the semi-triangular,  the r.m.s. and the Lowess smoothing. All are based on 
periods of  the order of 18 years that will be deduced in this chapter. In this book we will 
mainly use the Lowess smoothing.

Smoothing techniques
We consider the variation of one of the variables, call it y, with time t. We want to get 
the smoothed value and its mathematical formulation for a specific time interval, T1. To 
that end we assume for the present purpose, following De Jager and Usoskin (2006), a 
triangular smoothing function with semi half-width h in years. Hence  sin(y) = 1 and sin 
(y–h) = 0 with linear interpolation in between.    
A way to find the value of the smoothing parameter h was found empirically as follows. 
For a number of arbitrarily selected h values  we  calculated the correlation coefficient 
and the r.m.s. value between the solar photospheric temperature T and the Group Sun-
spot Number RG, thus searching for the ‘best’ h value. The results, presented in Table 7.1, 
show that the ‘best’ of the two variables – correlation and r.m.s. – occur for h  values of 8 
to 9 years, hence for half widths (twice these values) of around 17 years. 

An example that shows the efficiency of this way of smoothing is presented in Fig. 7.2 
(De Jager and Usoskin, 2006). There, we have plotted the smoothed values of the depo-
sition rate of the cosmogenic radionuclide 10Be in Greenland ice cores (Beer et al., 1990) 
– called B-flux in this diagram –  against the radiative source function S. Deposition of 
10Be particles is straightforward and quick and is commonly considered to be directly 
proportional to the cosmic 10Be flux and hence also to the cosmic ray flux (Usoskin et 
al., 2003). 
During the checking it also appeared, that using a slightly different value of the semi half 
width h (h = 7 to  11 years) does not significantly alter the main result. 

The  r.m.s. approach. (cf. De Jager, Duhau & van Geel, 2010). Basic input data are, besides 
the temperature T, the proxy for the maximum equatorial magnetic field, viz. the  max-
imum sunspot number per solar sunspot cycle Rmax (equivalent to Gnmax) and the proxy 
aamin for the poloidal field.  Assuming these relationships to be linear – which is the basic 
assumption in this smoothing approach – we have to solve the unknowns x, y and const 
from the equation
                                           T = x.Rmax + y.aamin + const         (1)

h value          correlation   r.m.s

1 0.67 0.21

2 0.70 0.20

3 0.74 0.19

4 0.78 0.17

5 0.811 0.158

6 0.823 0.148

7 0.823 0.141

8 0.814 0.138

9 0.798 0.136

10 0.780 0.136

11 0.76 0.136

12 0.74 0.136

Table 7.1.  Searching for the ‘best’ smoothing parameter h (in years).

Fig. 7.2.  A plot of the smoothed 10Be flux data against those of the source function S, for the whole 
period under investigation. It shows the efficiency of the smoothing as well as the good correlation 
between the two variables.
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The values of the two proxies Rmax (Gnmax) and aamin are described in Chs. 1 and 2  of this 
book, following an earlier analysis by De Jager and Duhau (2009). Clearly, the mere as-
sumption of the linearity of the two main relations involved in eq. (1) automatically leads 
to some way of smoothing the final results. 

An important  way of smoothing is according to the Lowess technique (Locally Weighted 
Regression; Cleveland, 1979). It uses a triangular like weight factor for the regression in 
a smaller window over the data. When the data in the window is weighted, a first order 
regression is made, which predicts the point in the middle of the window and delivers 
a slope to the next point (NIST web-based Engineering Statistics Handbook, Chapters 
4.1 - 4.4).

The analysis of the temperature data, as described in the earlier part of this chapter, is 
chiefly based on the Lowess smoothing technique (Cleveland, 1979); it makes use of the 
above derived 18 years running time interval. 
 
A way to examine if the chosen interval is most suitable for smoothing  is by looking 
at the smoothed temperatures around some important volcanic eruptions. To that end 
we consider the year 1816, which is the year after the Tambora volcanic explosion, the 
largest eruption in historic times. In Europe the year 1816, one year after the eruption, is 

often called ‘the year without a summer’.  Other, slightly smaller eruptions, such as 1901 
Mt Pelé, 1980 Mt St Helens and 1991 Pinatubo were also considered. Cf. Fig. 7.3.

The study of these curves show that 4 to 12 years are too short for an acceptable smooth-
ing interval: the dips in the curves around 1816 are still well visible, while 36 years is 
unnecessarily long; 18 or 27 years seem acceptable values, but longer variations in time 
of e.g. oceanic movements will still be observable. This confirms the present choice of a 
typical smoothing interval of 18 years. 
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Fig. 7.3. The dots are the values of the  earth temperature ∆T  for the years 1612 – 2011, showing the data 
file that we call the Moberg–Brohan (MobBroh) temperature file. The seven full–drawn curves are smoo-
thed with the Lowess technique (Cleveland, 1979) applied with different time intervals (with durations in 
years as labelled to the curves). Note the downward peak at 1816: ‘the year without a summer’ (copied from 
De Jager et al., 2018).
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Summary. We derive a  relation between the average terrestrial Northern Hemisphere 
ground temperature ΔTEarth and the total magnetic fluxes of both the equatorial and the 
polar fields of the sun, characterized by their proxies, and smoothed over a running 18 
years interval. It is  found that up to around 1915 - 1920  ΔTEarth depends for 43% on the 
solar equatorial magnetic fluxes  and for 32% it is due to those in the polar fields, while 
the remaining 25% has another (sun-related magnetic, cf. Ch. 3) origin. The strong global 
warming (commonly called the modern temperature increase) is increasingly important 
after 1915 – 1920.   We expect that the period of solar activity that has recently started will 
be of the Regular type and that it will last during the present millennium. 

Temperature data and their analysis. In this chapter we derive a relation between the 
average Northern Hemisphere ground temperature ΔTEarth and the sun’s toroidal and 
poloidal magnetic fluxes. Basic data for these computations have been derived in previ-
ous chapters: the proxies for the two above mentioned magnetic fields are found in Chs. 
1 and 2, while data on the granulae-associated fields in Ch. 3, the terrestrial temperature 
data in Ch. 7 and smoothing problems and techniques are also dealt with in Ch. 7.    
This study has a few precursors: De Jager, Duhau and Van Geel (2010) studied the re-
lation between ΔTEarth and solar equatorial (with proxy Rimax , based on the unmodified 
International Sunspot Numbers, ISN) and polar magnetic activity (based on the proxy 
aamin) and the average northern hemisphere terrestrial ground temperature ΔTEarth. It is 
written as:
                                 ΔTEarth = x.Rimax + y.aamin + z.time + const          (1)

where the variables are smoothed over a running 18 years smoothing interval. In a later 
study the z.time-term was initially neglected but it has been determined afterwards from 
a study of the residues. This 2010 study started from seven mutually independent data 
sets. Each of these seven data sets was investigated by two independent methods. Hence 
that study yielded 14 independent values for x and y, each with their own standard de-
viations. It was satisfactory to see that the standard deviation of the average of these 
fourteen determinations was about the same as the average of the fourteen standard 
deviations, both for those of x and y. In conventional error theory such an agreement be-

tween the ‘internal’ and the ‘external’ mean errors is generally considered as supporting 
the reliability of the results.

The data from the above study have been used again, then by De Jager & Nieuwenhuij- 
zen (2013) for a continuation of the investigation. That study was still based on the (un-
modified) International Sunspot Numbers (ISN). But instead of using 7 separate files, 
the weighted averages of the results were used as given in De Jager, Duhau and Van Geel 
(2010). 

The temperature file that is used  in the present chapter consists of the Northern Hem-
isphere ground temperature data from Moberg et al. (2005), extended with data from 
Brohan et al. (2006), Jones and Mann, 2004, Kennedy et al. (2007), Kerr (2009), Hansen 
et al. (2010), as determined in Ch. 7. Henceforth, for shortness, this data set is called the 
Moberg-Brohan or alternatively the MobBroh file, with the symbol ΔTEarth.

This approach differs from  that of Jungclaus et al. (2010) who ascribed the short-term 
pre-industrial temperature variation to the carbon cycle and who introduced volcan-
ic eruptions and other short-term events to explain the occasionally observed cooling 
trends such as the Maunder Minimum. Certainly, these effects do occur. We have used a 
low-pass filter of 18 years (cf. our Chapter 7) to avoid the inclusion of short time effects 
while still including relatively longer variations in terrestrial temperatures.

Ch. 8 : SOLAR MAGNETIC VARIABILITY AND 
ITS RELATION TO THE AVERAGE NORTHERN 
HEMISPHERE GROUND TEMPERATURE *

* This chapter is related to a paper by De Jager et al., 2018. 

Fig. 8.1. The annual ΔTEarth data, smoothed according to the Lowess technique by the selected 18 years 
running smoothing interval. 
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Here, we deal with data from the last two and four centuries, but since Sanchez-Sesma 
(2016) found that solar activity, similar to the present one, existed during a multi-mil-
lennial (~ 9500 years) period, and Luthardt and Rössler (2017) found that the Schwabe 
cycle did even occur over a period as long as 290 Myrs, we expect that our results may 
also apply to a period, longer than these four centuries, but that assumption will not be 
used in this book.

The diagram of Fig. 8.1 presents the 18 years smoothed ΔTearth curve in comparison with 
the annual temperature data (the points). It are these  temperature data that are used in 
this investigation.

The variance of the data set is influenced by linear interpolation and by Lowess-type 
smoothing with a smoothing time of 18 years. After linear interpolation between the 
maxima (or minima), to obtain a grid of yearly values of Rmax and aamin, the variances of 
neighbouring points have different values. The observed variance σ2

y1 of the line start 
point (x1,y1) and the observed variance σ2

y2 of the line endpoint (x2,y2), will determine 
the total interpolated variance σ2

y for a point (x,y) by:

               (2)

After interpolation, the Lowess smoothing has been applied. The use of Lowess smooth-
ing reduces the variance of the measurements. The influence of the 18 year Lowess 
smoothing window has been calculated by the same tri-cube weight function (NIST 
web-based Engineering Statistics Handbook, Chapters 4.1 - 4.4) as was used by the Low-
ess smoothing of the data points. 

Solving modified Eq. (1) and determining the year of the start of the modern temper-
ature increase.  There is consensus that the later part of the 20th century was dominated 
by a fairly steep temperature increase (Usoskin et al., 2003; Solanki et al., 2004; De Jager 
& Duhau, 2009, 2011, and many other authors). This ‘modern temperature increase’ is 
usually ascribed to human activities. But there are different opinions regarding the time 
of its beginning. In a previous investigation (De Jager & Nieuwenhuijzen, 2013) it was 
found that significant deviations from those data that are mainly due to solar contribu-
tions, started around 1900. In contrast to that, some other authors place the beginning 
of the modern temperature increase at earlier times. In Jones & Mann (2004) one reads 
about an increase that was assumed to have started mid-19th century. Another example 
is found in the much cited press release of the International Astronomical Union of 
August 8, 2015. It states that “rising global temperatures since the industrial revolution 
cannot be attributed to increased solar activity”. The industrial revolution is commonly 

placed somewhere between the years 1760 and 1830. More citations in that sense could 
be made (cf. e.g. Lockwood, 2012). 

For climatological investigations it is useful to know with some precision when this ad-
ditional, modern temperature increase started and how it developed. Next to solving Eq. 
(1), the answer of the question of the starting year of the modern temperature increase 
is another aim of this chapter. 

In previous investigations ΔTEarth was represented by the relation given by Eq. (3), 
hence without the z·time-term. Here, that equation is used again, but in this chap-
ter we will write Gnmax (often written as Rmax) for the maximum values of the Group 
Sunspot Numbers (earlier written as GSN; Svalgaard & Schatten, 2015).  It comes as a 
replacement of the earlier used symbol Rimax. The data are interpolated and smoothed. 
The aamin data (cf. Ch. 2) were handled the same way. Hence, the equation that should 
be solved is
      
             ΔTEarth  =  a.Gnmax  + b.aamin + const                                  (3)

where the three variables (ΔTEarth, Rmax (or its equivalent Gnmax) and aamin) are derived  
earlier, as stated in the beginning of this chapter. With the data that are thus available, 
eq. (3) can be solved with a least squares method of curve fitting (cf. Kutner, Nacht-
sheim, Neter, Li, 2005). In that exercise two foreseeable and well-known problems are 
met, also known from earlier investigations in this field. First, the Rmax and aamin data 
are fairly strongly correlated (cf. Chapters 1 and 2 and the corresponding diagrams 
therein) and this is visible in the resulting mean errors of the parameters a and b. The 
other problem is that, when using the full data set from 1612 to 2007, the resulting 
values for a and b have fairly large mean errors, the reasons being twice: the uncer-
tainty of the aa data before 1844 and the increasingly large upward trend of the Earth’s 
average ground temperature in the course of the 20th century, which is additional to 
the sun-dependent contribution. That rapid upward trend of the temperature leads to 
fairly large standard deviations in the resulting values of a, b and const, when using the 
linear Equation (3) in those cases that the last year of the data set is chosen later than 
the early part of the 20th century. This is shown in the following example. 

The regression calculations as described by Eq. (3) are performed for the three input 
data sets, first for data covering the full period 1844 – 2007, and thereafter for different 
‘ending years’, chosen earlier than 2007. The above described approach is followed for 12, 
more or less arbitrarily chosen ending years, selected between 1882 and 2007. For each 
of them Eq. (3) was solved for a, b and const. This, hence, yielded values for the relevant 
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constants (cf. Table 8.1). Equation (3) can be solved by writing it in the normal error 
regression matrix model: Eq. (4).

                                       Y = Xβ  +  ε                                                    (4)

The variables in this model are:

             

Matrix X is the design matrix, vector ε is a vector of independent random variables with 
the mean value E{ε}=0  and variance σ2 {ε}= σ2 Ι , and Ι  is the identity matrix. The solu-
tion of the regression model in Eq. (4) can be written as:

                (5)

Here  is the fitted value and A is the Moore-Penrose pseudo inverse. The residues  can 
be calculated as:

                 (6)

The residual standard deviation of the fit model is the, in the present case for Lowess 
smoothing corrected, standard deviation of vector ε. It is defined as the positive root out 
of the corrected ‘error mean square’ (MSE):

                 (7)

where the SSE is the ‘error sum of squares’ or ‘residue sum of squares’. The part n – p, 
indicates the degrees of freedom, which is the number of measurements minus the num-
ber of regression parameters. It should be added that the 18 years Lowess smoothing 
(as is done in this investigation) results in diminishing the number of ‘independent‘ 
observations, and hence the term n – p leads to a smaller number of degrees of freedom. 
The added number of equivalent regression parameters λ, which yields an additional 
decrease of the number of the degrees of freedom, is calculated with Cleveland’s approx-
imation, by 
           (8)

Here f is the relative filter span with respect to the number of measurements. For ex-
ample an 18 year window and a measuring period of 164 years with one year per point, 
gives f = 18/164 = 0.110. For this f-value: λ = 20.22. 

With the above data the total of the residue sum of squares of the differences between 
observed and model temperatures (SSE) was derived. These data are not directly mutual-
ly comparable because the degrees of freedom of the various sets of data are different for 
the various ending years. But the positive root of their quotient SSE/df , here called σmodel 

(third column of Table 8.1), is a comparable quantity . The  degrees of freedom df are:
                             
              (9)

The decomposed standard deviations σa, σb and σconst of the regression model can be de-
termined by calculating the variance-covariance matrix of the regression coefficients 
(Kutner et al., 2005, chapter 6.6). The result of the estimated value of this matrix is: 

                                                     (10)

The values of the decomposed variances are situated on the main diagonal of the s2 ma-
trix. Columns 4 till 6 of Table 8.1 show the square roots of these values. Note that the 
MSE is corrected for Lowess smoothing.

The adjusted values of the coefficient of determination R2
adj (last column of Table 8.1) 

indicates the fraction of the variance that is explained by the model. It is solved with: 
              
            (11)

Here SSE = the residual sum of squares of the differences between observed and model 
temperatures, SSTO = total sum of squares (SSE + SSR, with SSR = the sum of squares of 
the regression around the mean), n = total number of measurements involved in the re-
gression. Here n = 164 and p is the number of degrees of freedom involved in solving the 
equation; here p = 3, and λ is the equivalent number of parameters used by the Lowess 
technique, (cf. Eq. (8)); here λ = 20.22.

A straightforward conclusion from Table 8.1 is that the non-solar upward trend in the 
temperature (the ‘modern temperature increase’) had a starting date around 1915 - 1920. 
This result finds support in a study from Love (2011a) and Love et al. (2011b), who also 
find that during the main part of the 20th century ‘an anthropogenic signal is hiding 
correlation between solar-terrestrial variables and global temperature’. This result is also 

with
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The SSconst curve in Fig. 8.2 is the sum of squares with regard to the constant or the 
earlier defined SSE in Eq.(7), which is proportional with the variance of the residual sum 
of squares. It is clearly visible that the value drops to a lower and more constant value 
before 1920. Also the sum of squares of the other proxies, show the same behaviour. 
The main conclusion is that the modern temperature increase started somewhere aroud 
1915 - 1920.

Fig. 8.2 shows also a drop of all sums to about zero before 1890, but with a bad t-test for 
‘constant’ a, as can be seen in the last row of Table 8.1. This means that regression with 
both proxies fails in this region with the GSN-1844 model data. It can be a hint that the 
physical mechanism that regulates the sun-induced temperature variation uses high or-
der terms of the proxies. This is a topic for further study. 

Next, the ending year of 1910 for the model is derived from Table 8.1, with the aid of 
adjusted coefficient of determination. This model will be called the GSN-1844 model, 
with the following parameters (cf. Table 8.2): 

understandable when realizing that Love’s study was restricted to the fairly short period 
from 1860 to present. The resulting standard deviation values (third column of Table 
8.1) show that the smallest relative residual squared differences are found for ending 
years before 1924. This effect can also be shown in a graph, Fig. 8.2, where the decom-
posed sums of squares are given as a function of the ending year. 

Table 8.1.  Constants  a, b and c and their standard errors, along with the sigma value for the total ex-
pression, derived for a number of selected data sets that all start in 1844, but differ in their last years. 
The values of ‘σmodel’ (third column) result from the division of SSE, the residual sum of squares of the dif-
ferences between observed and model temperatures, by the degrees of freedom df. The sunspot data 
are for the Modified Group Sunspot Numbers. The input data are all 18-years smoothed. The bold star 
(*) indicates a t-test error of more than 1%  (see later this chapter). 

Fig. 8.2.  The decomposed sum of squares as a function of the ending year. The grey zone is the region 
where several t-tests failed (see later in this chapter for more information), because of the disturbing in-
fluence of the modern temperature increase at the solar model regression. The blue SSa-curve belongs 
to the sum of squares (SS) of Rmax ; the red SSb-curve to the SS of aamin, and the  SSconst-curve to the SS 
of the constant and is also called SSE.
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This model will be referred to as the GSN-1612 model, which will be used in the later 
part of this investigation.  On basis of this GSN-1612 model Fig. 8.3 was drawn. It gives 
the relation between the temperature variation due to solar activity (the green GSN-
1612 curve with the red extension beyond 1910) as compared with the average Northern 
Hemisphere ground temperature (the black MobBroh 18 yr smoothed curve). The mod-
elled sun-induced part is based on Eq. (3) and the GSN-1612 model for data restricted 
to the period before 1910. The modern temperature increase is well visible in Fig. 8.2 and 
ranges up to nearly one degree centigrade in the beginning of the 21th century.

As explained earlier in this chapter, these numbers have been corrected for the reduction 
in degrees of freedom due to the Lowess averaging process. The total variance of the 
model and the proxies can be found with the error propagation formula (Press et al., 
formula 15.2.7), and is:

             (12)

The total standard error is visible in Fig. 8.3 as the thin coloured bands around the solar 
model curves. 

a =    0.1160 ± 0.0177          
b = – 0.0620 ± 0.0118
c = – 0.6761 ± 0.0348

Hence, Eq. (3) should also be solved for input data covering an earlier period, for which 
1612 – 1910 is chosen. Thereafter, the model has to be changed by assigning b = 0, be-
cause of the unreliable aamin data from before 1844. For these input data (cf. Table 8.2):
a =    0.0205 ± 0.0017         
c = – 0.5615 ± 0.0124

Table 8.2. Correlation between the proxies. The upper  row of the interval 1612-1910 section is the GSN-
1612 model , and the upper row of the interval 1844-1910 is the GSN-1844 model. For details see the text.

Fig. 8.3.  Variation of the smoothed average Northern Hemisphere ground temperatures (black Mob-
Broh 18 yr smoothed curve) as compared with sun-induced values (green GSN1612 model curve with 
red extension after 1910). 
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for one proxy; for both other periods we derived the regressions for three cases: the two 
proxies, then for Gnmax (= Rmax) only and finally for aamin only. All these input data have 
been smoothed, as was described earlier (Ch. 7) , by the 18 years Lowess procedure. 

The results are given in Table 8.2. It gives for the seven cases the fitted coefficients, the 
t-value, the value of the adjusted coefficient of determination R2

adj and the correlation 
between the coefficients of the proxies for the various cases. The t-value is the ratio be-
tween the mean value of the coefficient and the standard error of the coefficient; the 
value t ~ 2.6 indicates 99% confidence.  In other words, the study of these data for the 
interval 1844 – 2007 with the two proxies shows that the t-value is too low (t < 2.6) with 
a 1.0% probability that the coefficient of proxy Gnmax (Rmax) is not different from zero. 
When single proxies are used, the adjusted coefficient of determination R2

adj with the 
proxy aamin shows 13.9 better explanation of the variance by the model and is therefore 
the more acceptable one. 

For the shorter interval (1844–1910) the two proxies used together would fit best. The 
use of only the Gnmax (Rmax) proxy gives, judged by the R2

adj fraction, 29.4% explanation 
or 22.8% additional support for the solar influence on the terrestrial ground tempera-
ture ΔTearth. 

Table 8.2 shows therefore that the influence of the correlated proxies can be separated; in 
any case that such is the case for the shorter time interval. 

As a next step the relative roles to global warming by the equatorial and polar magnetic 
fields are also examined. When doing that it must be taken into account (cf. Figs. 8.3 
and 8.4) that considerable part of the data after 1920 is not due to solar effects; actually 
the latter are only valid for the data from 1844 till about 1910, while the solar origin of 
the aamin data from before 1844 is more than questionable. For this exercise the partial 
adjusted coefficient of determination should be calculated; it gives the conditional pro-
portion of variation explained by proxy Gnmax (Rmax) that cannot be explained by proxy 
aamin, as:
     
            (13)

The other way round:  the variation explained by proxy aamin that cannot be explained 
by Gnmax:
      
            (14)

Next, the residues are derived that correspond to the data for Eq. (3) and the GSN-1612 
model. They have the character of a function giving the change density as presented in Fig. 
8.4. This diagram shows that the residues exceed explosively the one-sigma limit after the 
years 1915 ~ 1920. This confirms the conclusion as found in the third column of Table 8.2.
As appears from Fig. 8.3 the long-term variations in the average Northern Hemisphere 
terrestrial ground temperature before ~ 1915-1920 are well correlated with the long-term 
variation of solar activity. It is shown by Fig. 8.3 that the additional modern temperature 
increase had in the year 2000 already reached a value of 0.9 K above the expected value 
for solar influence, cf. Figs. 8.3 and 8.4. The physical explanation of this observation is a 
problem for climatology, that has already been studied by many climatologists and that 
therefore will not be discussed again at this place. 

The influence of correlated proxies. As appears from Figs. 1.6 and 2.6 (Chapters 1 and 
2) the two proxies are fairly strongly correlated and this leads to the question of the 
reliability of the results described before. We examine this by deriving the regressions 
between various combinations of Eq. (3) as shown in Table 8.2. The first one refers to the 
long data set model GSN-1612 with only proxy Gnmax (= Rmax), the subsequent three of 
them refer to data for the period 1844 – 2007, and the next three to those for the period 
1844 – 1910 with the GSN-1844 model. For the first period we derived the regression 

Fig. 8.4. Residues of the numerical representation of the terrestrial temperature data by Eq. (3), are pre-
sented in this Fig. 8.4. The essential part of the curve is its tail; there the years given are those of the 
residues. In the normal region the curve gives the addition of residues over more years, as is usually the 
case. The curve shows the deviation from the normal distribution.
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Fig. 8.5 shows a black smoothed MobBroh temperature curve and a green linear fit. A 
positive slope is visible in the 200 years smoothed MobBroh ground temperature data 
ΔTEarth between the years 1612 and 1912. The linear fit of the smoothed data has a slope 
of 0.0582 (± 0.0019) K per century.

There is also a cyclic signal visible, which oscillates around the linear fit. The period of 
the latter appears to be only slightly longer than the 210 years Suess /de Vries cycle. An 
FFT of the signals in Fig. 8.5, shown in Fig. 8.6, confirms this period. 
The resolution of the FFT is enhanced by zero padding from 301 to 2048 points, and 
by the use of a raised cosine window over the data. Further, both data sets have been 
corrected with the linear fit, to prevent distortion from longer periods originating from 
outside the measurement window of 300 years. It appears from the smoothed MobBroh 
spectrum that the sine-like signal in Fig. 8.5 consists of an addition of more periods. The 
peak period of the smoothed MobBroh signal in Fig. 8.6, is slightly longer than the 210 
years Suess/de Vries cycle. 

Subsequently, the same steps on the 18 years residue of the GSN-1612 model are re-
peated, which results in Figs. 8.7 and 8.8. Again, the black curve shows the 200 year 
smoothed residue and the linear fit is given in Fig. 8.8. The slope value of the linear fit is 

Here SSE(Gnmax,aamin) = the residual SS in a regression with Gnmax (= Rmax) and aamin; 
SSE(aamin) = the residual SS in a regression with only proxy aamin ;  SSE(Gnmax) = the 
residue SS in a regression with only proxy Gnmax, and again n = total number of measure-
ments involved in the regression; here n=67, paa_min, pGnmax and pGn_max,aamin = the number 
of degrees of freedom involved in solving the equation; here paa_min = 2, pGn_max = 2 and 
pGn_max,aa_min = 3, and λ = 9.44 is the equivalent number of parameters used by the Lowess 
technique, (cf. Eq. (7)). 

We have calculated from the last 3 regressions with GSN-1844 model in Table 8.2, the 
SSE(Gnmax,aamin) with 2 proxies and both the SSE(Gnmax) and SSE(aamin) with one proxy. 
With Eqs. (13) and (14), while using the calculated SS data, the partial adjusted coeffi-
cients of determination are calculated. Table 8.3 shows the SSE data and the results of 
the partial adjusted coefficient of determination. In the time interval 1844 till 1910, the 
proxy Gnmax (= Rmax) explains 42.9% of the variance, that aamin does not explain, and the 
proxy aamin explains 32.4% of the variance, that Gnmax does not explain.

This leads to the conclusion that during 1844 to 1910 the terrestrial temperature varia-
tion was for 42.9% related to variations in the equatorial magnetic fields and for 32.4% to 
those on the polar fields while the remaining 24.7 % has (an)other cause(s), that may be 
sought in the granulation-related fields as described in Ch. 3.  This latter aspect should 
certainly invite further research.  

Search for other evidence and causes of terrestrial temperature variation. A 200 year 
Lowess smoothing of the input ground temperature data of ΔTEarth is applied, in order 
to examine how the long-term temperature changed in the period 1612 to 1912, i.e. 
without the modern temperature increase, as  described here at various places.  A linear 
fit to the resulting curve of the smoothed temperature data is next made, in order to 
determine the slope.

Table 8.3. SSE values of regressions with model GSN-1844 and the partial adjusted coefficient of deter-
mination.

Fig. 8.5. The linear rest term suggests a Hallstatt-type contribution. The sine-like signal indicates a Suess-
type contribution. 
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0.0284 (± 0.0010) K per century. Also, Fig. 8.7 shows a cyclic signal, slightly longer than 
the Suess/De Vries cycle. 

Next, Figs. 8.5 to 8.8 are compared, in order to see in what respect the model has changed 
the temperature residue. The slope of the linear fit in Fig. 8.7 is about 50% of the slope 
in Fig. 8.5 (or:  the maximum of the smoothed amplitudes in Fig. 8.8 is about 50% of the 
maximum of the smoothed amplitudes in Fig. 8.6). This means that the model resolves 
50% of the slope. In De Jager and Nieuwenhuijzen (2013) indications were also found 
for a slow but steady increase of the residual temperature over the centuries. A value of 
0.022 (± 0.001) K  per century was found and that value is approximately confirmed in 
the present study. 

Next, the 200 year smoothed curves in Figs. 8.5 and 8.7 are compared. The signal in 
Fig. 8.7 has almost the same shape as the corresponding one in Fig. 8.5, but it has a 30% 
smaller amplitude. This cyclic signal, possibly the filtered Suess cycle as can be seen in 
the FFTs, is not completely resolved by the GSN-1612 model, because it is still partly 
visible in the residue after this second process. However, in the original data of the proxy 
Gnmax (= Rmax) the Suess cycle is present and it seems that both proxies interfere with each 
other. Higher even order components of the proxies may solve this problem. 

Fig. 8.6. The FFT of the signals shown in Figure 8.5. The MobBroh dataset contains more signals than the 
quasi-periodicities of the solar cycle in Table 8.1. It is clearly visible that the Lowess filtering weakens 
those  signals that have a period shorter than 200 years.

Fig. 8.7. A linear fit on the residue of the GSN-1612 model suggests a Hallstatt-type contribution. Note 
the change in the temperature scale with respect to Fig. 8.5.

Fig. 8.8.  FFT of the residue and the Lowess filtered residue in Fig. 8.7; the residue signal appears to be an 
addition of about five separate signals. Also the 18 years Lowess filtering is clearly visible in the residue. 
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The second order gradient is -0.1725 (± 0.0105) K per squared century and is here prob-
ably related to the residue of the Suess cycle. We suggest a possible explanation for this 
small linear increase. From among the five fundamental periodicities in solar activity, 
viz. the Schwabe (~ 11 yrs), Hale (~ 22 yrs), Gleissberg (~ 80 yrs) , Suess (210 yrs) and 
Hallstatt cycles, it is the latter with its period of ~ 2300 years, that fits in the linear in-
crease presented by Eq. (3). The present Hallstatt cycle went through its mean value with 
a positive slope in the second half of the 20th century. The next maximum will be reached 
around the year 2500. The GSN-1612 model and slope data with Eq. (3) may well fit into 
this picture. 

The conclusion of this section is that there are some weak indications for a small steady 
increase of the temperature over the four centuries considered here. It amounts to 0.0284 
(± 0.0010) × t K, where t is the time, expressed in centuries after 1612.5. The shape of 
the relevant curve suggests similarity to the Hallstatt periodicity. This suggestion em-
phasises the need for a thorough study of the physics of the mechanism(s) behind that 
solar periodicities. How does they manifest itself in solar variability and what is (are) the 
mechanism(s)?  

The physical explanation of this periodicity may be found in the suggested pulsations of 
the solar tachocline, which affects the solar equatorial magnetic activity (De Jager et al., 
2016), with a relatively small amplitude and with the Hallstatt period. If this interpre-
tation of the solar driving model is indeed correct, then this physical explanation may 
finds support in a study by Scafetta et al. (2016), who ascribe the Hallstatt oscillation to 
the combined attraction by the major planets. We suggest that this attractive force influ-
ences the distance between the tachocline and the solar surface. This process is then an 
action that may be seen as a form of pulsation.   

Expected temperature variation for the forthcoming decades. The extended transition 
that lasted from ~ 2005 till ~ 2010 (cf. De Jager et al., 2016) is related to the start of an-
other Grand Episode of solar activity. That recent phase transition, hence, marks the end 
of the 20th century’s Grand Maximum. 

The question of what episode comes next has been dealt with in various papers (Duhau 
and De Jager, 2008, 2010; cf. also review De Jager and Duhau, 2012). It was found that a 
Grand Minimum, such as the Maunder one, will occur only during the negative phase of 
the 2300 years lasting Hallstatt oscillation (Steinhilber et al., 2010, De Jager and Duhau, 
2012), while a longer lasting Regular Episode does occur when this oscillation is positive 
(De Jager and Duhau, 2012). Specifically, from investigating a sunspot maxima time se-
ries that lasted for nearly two millennia, it was found that the Hallstatt oscillation passed 

As a next step,  a secondary approach is started. This happens by extending the GSN-
1612 residue fit with higher order terms of the time variable. It appears that almost the 
complete residue can be resolved with a fifth order time polynomial and adjusted coeffi-
cient of determination R2

adj of 0.994. 

The resulting curve is shown in Fig. 8.9; the polynomial is:

ΔTres  = c0 + c1t  + c2t
2 + c3t

3  +   c4t
4  +   c5t

5 , with     (15)

c0 = -0.0454   +/-  0.0007
c1 =   0.0598  +/-  0.0051
c2 = -0.1725   +/-   0.0105
c3 =   0.2211   +/-   0.0089
c4 = -0.0969    +/-   0.0033
c5 =  0.0136   +/-   0.0004

Fig. 8.9. A fifth order fit on the 200 years smoothed residue of the GSN1612 model shows a nearly per-
fect modelling of the residue, indicating the presence of a cycle that is likely to be identified to be a 
Suess cycle.
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standstill in that rise during the first decade of the 21th century, as is already shown in 
Fig. 5.1. We suggest that this standstill is due to the simultaneous decrease of the solar 
component, a decrease that started to be of some importance after ~ 1998, against the 
gradual temperature rise due to non-solar contributions, in such a way that a relative 
standstill in the rise of temperature occurred. What will happen after that time is a mat-
ter of speculation. 

Conclusions. This chapter has two sets of conclusions and it is based on some  math-
ematics. The latter  are listed in Table 8.4 and for the first of the conclusions we refer 
to Figs. 8.3 and 8.4, that compare the observed average smoothed terrestrial Northern 
Hemisphere ground temperatures ΔTearth with sun-induced values. We found that up to 
~ 1915 – 1920 the 18 years smoothed values of ΔTearth are chiefly due to the sun. After 
these years a steadily increasing additional component appears which leads to increased 
warming. The solar component decreased in intensity in the first decade of the present 
century during the Transition (cf. De Jager et al., 2016) between the 20th century Grand 
Maximum and a subsequent new Episode. This explains the short relatively constant 
terrestrial temperature in that brief period. A near-linear increase over the four centuries 
studied is ascribed to the Hallstatt periodicity. 

from positive to negative through its zero line around the year 900. That passing was 
accompanied by a change in the nature of solar dynamo episodes from one long lasting 
Regular Episode to another one. In wondering what kind that new episode will be, ref-
erence is made  to the three millennia lasting time series of solar activity shown in Fig. 
2 of Usoskin et al. (2014). The Regular Episode that ended around the year 900 started 
in –250 and hence it lasted for ~ 1150 years. This confirms that a long lasting Regular 
Episode appears to occur during the whole positive phase of the Hallstatt oscillation. 
More recently Duhau and de Jager (2016) predicted the value and the date of occurrence 
of sunspot maxima #26 to #31 for the forthcoming century and found that the Episode 
that started with Schwabe cycle #24 is indeed of the Regular type, similar to the one that 
occurred between 1740 and 1924. More specifically, this Schwabe cycle is a Dalton type 
minimum. These data support the hypothesis that an episode of the Regular type will 
occur during the major part of the forthcoming millennium. The consequent values of 
Gnmax (= Rmax) and aamin will be similar to those that occurred in the 18th and 19th century. 
Unfortunately we cannot use the (uncertain) aamin data from before 1844. 

Based on the observed values of Gnmax (Rmax), and assuming that solar activity during the 
next few decades will be comparable to that observed during the Dalton Minimum, we 
use GSN-1612 to compute the variation with time of ΔTEarth in dependence of the main 
solar magnetic field fluxes for the expected changes in Gnmax as indicated earlier in this 
chapter.  Of course we do not yet know the values of Gnmax for the cycles after cycle #24, 
nor will the above suggested values of Gnmax for the years 2010 through 2037 be exactly 
the same as those for Schwabe cycles #5, #6 and #7 (~1798 till 1833). The rationale of our 
present approach is our expectation, explained above, that the Grand Episode that has just 
started may be expected to begin with a Dalton type minimum. Thus, we suggest for the 
time interval 2007 to 2037 Gnmax data will be similar to those of the past Dalton minimum.

The results are presented in Fig. 8.10 for the GSN-1612 model. It gives – again – the ob-
served MobBroh temperature data. But next to that the expected values are given  of the 
solar component of ΔTEarth, as they are here extended to 2037. It is stressed that, while 
the data after ~2007 are based on a hypothesis, the earlier ones are based on straight 
observations.

The main results of this exercise are that the values for the solar component of the aver-
age terrestrial ground temperatures ΔTearth are expected to be fairly small in the coming 
decades. The decrease to that low value started already around the year 2000.

Another topic for immediate research is the question why, after the sharp rise of the 
average terrestrial ground temperature between ~1950 and ~2000 there came a quasi-

Fig. 8.10. Relative values of the solar-induced component of the average terrestrial surface temperature 
during the period 1612 to 2037, compared with the set of observed data that is called here the MobBroh 
data file (ΔTearth) is pasted. The calculated GSN-1612 model data after 2007 are based on extrapolations.
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As to the future of solar activity reference is made  to Fig. 8.10 and in connection 
with that to the exceptionally weak Schwabe cycle #24. These data, in connection with 
the expected similar subsequent cycle, suggest that we are presently witnessing a Dal-
ton-type period. This may be followed by a repetition of the kind of solar activity that 
occurred between the years 1740 and 1923 and that we gave the name Regular type. This 
suggests that the Grand Episode that has started with the recent Transition may also be 
of that type, and, as the Hallstatt oscillation changed from negative to positive in near 
synchronicity with the recent Solar Dynamo Transition, it would last during the rest of 
the current millennium, as was the case during the time interval (in years)  ~ –250 to 
900 when a long lasting Regular Episode occurred (cf. Fig. 2 in Usoskin et al., 2014) in 
synchronicity with the positive phase of the Hallstatt oscillation. 

Data
The used sunspot Numbers and Group Numbers data sets are found at: www.sidc.be/
silso/datafiles.
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Summary. In this Chapter an additional aspect of the relation between the solar magnetic 
radiation flux and the Northern Hemisphere average temperature ΔTEarth  is described:  
it concerns a delayed component of  the sun-related heating with a time lag of about 16 
years. The resulting relation between the  variable flux of the solar magnetic energy and 
the average smoothed Northern Hemisphere ground temperature is presented in Fig. 9.13. 
Our results confirm earlier findings by other authors that ascribe such a time lag to  glacier 
warming and cooling. 

The solar influence on terrestrial temperatures. We  refer to the study by De Jager et al. 
(2018) and to Chapter 8 of this book. In these investigations, based on the new sunspot 
counting system introduced by Clette et al (2012, 2014), it is found  that, during the 
period 1610 (first telescopic sunspot observations) till about 1915 - 1920, the smoothed 
Northern Hemisphere ground temperature variations ΔTEarth were well correlated with 
the solar variations of equatorial and polar activity. Both equatorial as well as polar var-
iations, together with an unknown third source of solar magnetism  (but cf. Ch. 3 for a 
possible explanation),  affect ΔTEarth, but  after these years the earth’s Northern Hemi-
sphere average ground temperature rose, to reach in 2000 a value of nearly one degree 
above the sun-related value.

Previously derived solar temperature models. In Chapter 8 of this book it is found  that 
in the period 1610 till 1920 the fair agreement between solar heating and ΔTEarth showed 
a remaining residual curve. It has a standard  deviation  of 0.12 K. In the attempts to 
explain these additional residuals, the search was directed towards  finding a significant 
correlation as a function of time, t, between the two variables: solar variability and ΔTEarth 
variation. The input data streams for the period 1610 – 1910,   taken from De Jager et al. 
(2018) and also described in the present Ch. 8, are given in Fig. 9.1 (cf. also Fig. 8.10). 
Here, the dark curve shows the smoothed variation of the average NH ground temper-
ature, that we call the MobBroh curve (cf. also Ch. 8 and De Jager et al. 2013), while the 
green curve, this being the solar model GSN-1612 (cf. De Jager et al. 2018), represents 
the smoothed values of the solar surface magnetic fields.

The model names in Table 9.1 consist of the abbreviated proxy type with the starting year 
of the data set. An extra letter indicates a single proxy model, when the main model has 

Ch. 9. A SIXTEEN YEARS DELAY IN 
SUN-RELATED  TERRESTRIAL WARMING

Fig. 9.1. The input data: variation of the smoothed average NH MobBroh ground temperature ΔTEarth and 
the sun-induced GSN-1612 values.

Table 9.1. The available solar temperature models, which are based on the maximum values of the 
group sunspot numbers, Gnmax (= Rmax) and the minima of the magnetic antipodal amplitude, aamin. (cf. 
Ch. 2 and  the Jager et al. 2018).
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2 proxies. Again, the  models are described as follows with a linear dependency on the 
proxies:
                                       ΔTEarth   =  a.Gnmax   +  b.aamin  +  const      (1)

More information about the used multiple regression method and explanation of the 
table can be found in Chapter 8. 
The models in Table 9.1 are used in order to determine the time lag at the highest cor-
relation with the MobBroh ground temperature, and thereafter the improved solar tem-
perature regression models are calculated with this optimal time lag.

A time lag in the terrestrial response with the GSN-1612 model. The following analy-
ses are based on the GSN-1612 solar model. The purpose is to correlate two data streams 
with data at one year intervals over a limited  time period with use of the Fourier pair of 
the correlation theorem (Press et al., 1992; chapter 12.0 and chapter 13.2).  In the time 
domain the cross correlation curve of two data streams is found by shifting the streams 
past each other and by summing the multiplications of each corresponding data stream 
point   with each other at each shift step, as shown by Eq. (2): 
    
              (2) 

On the other hand correlation can be written as a convolution. Convolution is calculated 
by the same process as described for the correlation, but with one data stream reversed. 
Convolution or filtering of the two streams with each other is a simple multiplication 
process of each corresponding data point in the frequency domain. The reversed stream 
can be noted by a complex conjugation. The Fourier pair for cross correlation is:

Before performing the multiplication in the frequency domain, both data streams will be 
transformed by an FFT (Fast Fourier Transform) and the result of the multiplication will 
be transformed back to the time domain by an IFFT (inverse FFT). 

Some data processing has to be done to get a good transformed result; viz. a ‘detrended’ 
one to get the variations ‘above’ the DC value and zero padding to interpolate in the 
frequency domain for more accurate defined peaks. The detrend is made by a linear 
fit through the data stream and by subtracting this fit from the data stream. Figure 9.2 
shows the detrended data streams with slope and offset removed.

The data streams in Fig. 9.2 have 299 points. The FFT routine requires a n-power of 
twice the number of data points and so the amount of points must be increased. Hence, 
2048 points were chosen, by adding zeros (zero padding) around the data streams. The 
zero padding will give spectral interpolation by a factor of about seven in the frequency 
domain. Thereafter both streams are transformed by  an FFT routine and the cross cor-
relation spectrum is calculated by multiplying the frequency curves with each other (the 
MobBroh spectrum is complex conjugated). Fig. 9.3 shows the transformed streams and 
the resulting cross correlation spectrum.

The cross-correlation spectrum is then transformed back to the time domain with an 
IFFT function. If interpolation is desired in the time domain, zero padding can be per-
formed at the short period sides of the spectra. With a double-sided spectrum, the same 
amount of points (again an n-power of 2) has to be added to the negative frequency side. 
After performing a back transformation the cross correlation curve in the time domain 
is obtained. 

It was the aim to obtain the normalized cross correlation or the correlation coefficient, 
and hence the time domain cross correlation curve should be scaled with regard to the 
maximum value. This maximum value can be found by the Cauchy-Schwarz inequality 
and is:

Fig. 9.2.  Detrended input data streams; the slopes and offsets are removed.
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The maximum expected value is the root of the product of the auto-correlation of each 
data stream at zero lag. The auto-correlation at zero lag is the energy of the signal. The 
energies in the time domain are calculated from the data streams in Fig. 9.2, with:

Fig. 9.4 shows the normalized cross correlation curve as a function of the lag. The corre-
lation coefficient has a range of -1 to +1. Fig. 9.4 shows that the maximum cross correla-
tion is not at zero years lag. 

Fig. 9.5 gives a detail of the resulting correlation between the solar radiation intensity  
variations  and the terrestrial variation, for time differences ranging between 0 and 30 
years. It appears that at a lag of zero years the terrestrial response is immediate (with no 
data shifting being applied). Then, up to a delay period of 16 years it grows to a max-
imum, where a response of the earth has about a 5% larger magnitude of correlation 
when compared to  t = 0, after which the response diminishes.

Fig. 9.3. Both streams transformed to the frequency domain and the calculated correlation spectrum. Fig. 9.4. Correlation between GSN-1612 model and the MobBroh NH ground temperature.

Fig. 9.5.  Detail of Fig. 9.4. 



146 147

Time lag in the terrestrial response with the GSN-1844 models. The same calculation 
steps are applied to the three GSN-1844 models. Fig. 9.6 shows the results for model 
GSN-1844a (cf. Chapter 8 for the nomenclature). When considering the detrended data 
in the upper panel, it appears that the lag has disappeared. The reason can be found in 
the two proxy models: while both input streams of the model fit have about the same 
lag, as can be found in Fig. 9.7 and 9.8: the proxies have opposite signs in the model. The 
delay information is cancelled by these opposite signs. While the model fit has a better 
quality, the quality of the delay information is degraded.  Calculating the lag with a two 
proxy model is therefore not correct. A better model approach may be to calculate the 
lag of the proxies separately, and then refit the data with the two lag adjusted proxies; this 
method has not been applied later in this Chapter.

As a next step the lag calculation is applied to solar model GSN-1844b with the max-
imum values of the sunspot group numbers, and at solar model GSN-1844c with the 
minimum values of the magnetic antipodal amplitude. Note, that while GSN-1844c is 
the model with a single magnetic proxy, a better model name would be AA-1844 (where 
AA refers to the antipodal amplitude aa).

The results of the lag calculation with solar model GSN-1844b is shown in Fig. 9.7. The 
upper figure shows clearly that there is a lag present in the detrended data. The resulting 
lag is 7 years. When this result is compared with the result of the GSN-1612 model, it 
appears that it is not the same value. This leads to the assumption that the lag may not be 
constant in time. This conclusion is further examined later in this Chapter and in Ch.10. 

Fig. 9.6. GSN-1844 (2 proxies: Gnmax, aamin)
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Fig. 9.7. GSN1844b (1 proxy: Gnmax) Fig. 9.8. GSN1844c (1 proxy: aamin) 
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Fig. 9.8 shows the results with the magnetic solar model GSN-1844c. The detrended data 
show again the presence of a lag and the value of the lag is 9 years. Table 9.2 shows the 
final lag results for all models.

Earlier in this Chapter it appeared that the GSN-1612 model lag is 16 years, but the GSN-
1844b model resulted in a 7 years lag. A possible explanation is that the lag may not be 
constant in time. This assumption is next examined with an automated script that cal-
culates the lag according to the method used earlier in this Chapter, but now in 35 years 
windows. The 35 years window is shifted up by 1 year after each lag calculation until the 
end of the dataset has been reached. Zero padding is applied in the frequency domain to 
get a more accurate value of the lag in the time domain. The result and the data trend, a 
second order exponential fit, are shown in Fig. 9.9. 

The lag is roughly the average of the red points in the GSN-1612 model  and the same  
applies to the GSN-1844b lag. We conclude that the lag is not constant in time. 

Scafetta et al. (2016) describe that the cycles in the Δ14c  cosmogenic radioisotope record 
are related with the planetary mass center (PMC) relative to the sun. This PMC travels 
in loops around and through the sun, according to the positions of the planets. The lag 
variations in Fig. 9.9 are in the apo-/pericycle duration range from 7 till 16 years, also 
mentioned by Scafetta et al. (2016). However, our data streams are low pass  filtered by 
the Lowess algorithm for periods shorter than about 18 years; hence only the slower 
Jovian planet resonances and subharmonics are present. 
Beer et al (2018) make the connection between the cycles in the Δ14c  record and the cy-

cles in the modulation of the Sun’s magnetic field. Yndestad et al. (2017) have studied the 
connection between the solar system oscillation (mutual gravity attraction between the 
sun and the planets) and the Total Solar Irradiance (TSI). In Yndestad et al. (2017) the 
frequency content of sun-related data sets, also including a sunspot data series, has been 
determined by wavelet analysis. A sine has been added with the phase information of 
de Vries/Suess cycle, which is a 5/2 subharmonic related to Uranus  with a period of 210 
years, at the bottom of Fig. 9.9. It appears that the peak coincides with the peak of the lag 
trend curve. When also the phase of the 9/2 subharmonic from the TSI-LS data set from 
Yndestad et al. (2017) is added to Fig. 9.9, it appears that the phase of the lag trend cycle 
seems to be in anti-phase with the 9/2 subharmonic with roughly the same period of 378 
year. Of course one should be aware of the limited length in time of the present data set; 
more data is needed for a more solid conclusion. This topic is continued in Chapter 10.

Improved solar temperature models. The solar models can be improved by using the 
found lags of Table 9.2. This is done by shifting the proxy data further in time with the 
found lag, after which regression is performed with the MobBroh NH ground tempera-
ture and the corresponding proxies. For a description of the multiple regression method; 
reference is made to Ch. 8. 

Table 9.2.  Lag ΔTMobBroh with Solar model GSN-1612 and the models GSN-1844. Fig. 9.9. Lag between ΔTMobBroh and GSN-1612 with 35 year sliding window.
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Fig. 9.12 shows the improved GSN-1844c model, called GSN-1653c-S. When the aamin 
proxy is more in phase with the MobBroh ground temperature, there is a very large im-

The improved model GSN-1612, now called model GSN-1628-S, in which the  ‘S’ indi-
cates a model with proxy shifting, and the Gnmax data stream has to be shifted 16 years 
forward in time. This causes a loss of 16 degrees of freedom, because the measurements 
above 1910 cannot be used. This is because, as was proven in De Jager et al. (2018), the 
‘modern temperature increase’ starts after ~ 1915; these points will degrade the model. 

Fig. 9.10 shows the improved GSN-1612 model, called GSN-1628-S. When Fig. 9.10 is 
compared with Fig. 9.1, it is obviously a better fit. The quality factor         , the adjusted R 
squared, increases with about 12% more explained variance to 40.17%.

From 1650 till 1910 the model lies on top of the MobBroh temperature curve. Before 
1650 it deviates from the temperature curve, which leads to the question if the group 
sunspot numbers are perhaps too high before the Maunder Minimum (or has the model 
to be improved)? 

Fig. 9.11 shows the improved GSN-1844b model, called GSN-1651b-S. The model is also 
in this case more in phase with the MobBroh ground temperature, which leads to an 
improvement of about 28% more explained variance, up to 57.51%. It can be seen that 
the standard deviation has a higher value than with the GSN-1628-S model, because of 
the marginal amount of degrees of freedom.

Fig. 9.10. Improved version of solar model GSN-1612.

R2
adj

Fig. 9.11. Improved version of solar model GSN-1844b.

Fig. 9.12. Improved version of solar model GSN-1844c.
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provement of the           value by almost 45% which leads to a better explained variance, 
this being 60.9%.  Also in this case there are marginal degrees of freedom, which leads to 
higher values of the standard deviation with regard to the GSN-1628-S model.

Another attempt was to fit GSN-1853-S with both shifted proxies, but this attempt fails 
with a bad t-test (see Table 9.3). The reason is that both proxies are too well correlated; 
the multiple regression method cannot handle this correlation. A solution can be Ridge 
Regression or a linear Bayesian method with an appropriate prior distribution, but  this 
has not yet been investigated.

The overview of the model parameters is shown in Table 9.3, which is the updated ver-
sion of Table 9.1. It is obtained with least square regression at maximal correlation of the 
data streams. Bold numbers with an asterisk are failed reliability tests, which indicates a 
bad model solution.
When Table 9.3 is compared with Table 9.1, it appears that the standard deviations are 
slightly better. This conclusion appears also from the higher t-test values (with about the 
same mean value). The explained variance by the models has raised dramatically, which 
indicate more preferred solutions. 

Conclusions. The main results are summarized in Fig. 9.13. 
We thus conclude that there is a significant time lag of some 16 years between solar heat-
ing and part of the terrestrial response. This exercise is not in disagreement with a result 
found earlier by Weiss (2010, see in particular his Fig. 13 and the relevant text). From a 
study of ice cores from the Belukha glacier in the Altai mountains of Central Asia a shift 
of about 20 years was found. The description of his Fig.13 states that a correspondence 
between the ice temperature record and the solar modulation potential was found  “after 
allowing for a lag of 20 years.”. This time lag is of the same order as the shift found here.

These findings present results that at the same time confront us with some problems 
that, however, are mainly in the meteorological domain and that will not be discussed 
here: Can we find a mechanism that explains a time delay of some 16 to 20 years between 
solar input and terrestrial response?

If this time delay is real, can it be assumed to be responsible for (part of) the extreme 
warming around 1990 - 2000 in relation to the exceptionally large solar activity peak that 
occurred near 1960?

R2
adj

Table 9.3. Improved solar model properties.

Fig. 9.13.  This final diagram of this Chapter compares the average smoothed NH ground temperature 
with the variation of the solar magnetic radiation flux, including the 16 years delay in the sun-depen-
dent warming. Horizontal: the years; vertical: the log of the radiation flux expressed in solar units. Up 
to the start of the 20th century both run fairly well parallel, while additional heating is dominant after 
about the year 1920.
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Some suggestions for a positive answer to these questions have been forwarded by Bucha 
(1983) and summarized by Duhau and De Jager (2016), from whom we quote:

Evidences has been found by Bucha (1983) that when the geomagnetic field is mainly dipo-
lar, and the geomagnetic poles are near to the geographical poles, as it has been most of the 
time during the last 50.000 yrs, solar storms may contribute to heat the atmosphere at the 
auroras and the polar caps, leading to changes in global circulation (Bucha, 1983). It also 
substantially contributes to melting the ice at higher latitudes, with increasing ice-albedo 
feedback of insolation (Duhau and Martinez, 2012), leading to cloud cover variations ... 
that also may contribute to heat the higher latitudes by cloud cover feedback of solar irra-
diance, as model computations indicate (Holland and Bitz, 2003).

Hence there are indications that the time delay of 16 years, found in this study and that of 
about 20 years, found by Weiss (2010) between solar input and terrestrial response may 
be related to the time that it takes for relatively stronger melting of the major terrestrial 
ice masses. In agreement with this it was found that the glacier retreat after the Little lce 
Age is occurring since around the years 1800-1850 and has not ended yet (Masiokas et 
al., 2010; Akasofu, 2010). This melting of high latitude ice leads to a non-linear increase 
of the ice-albedo feedback of solar irradiance which in turn leads also to cloud cover 
feedback and thus may be contributing to the modern temperature increase (Again, this 
problem is mainly for the field of climatology and will not be dealt with here).
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in an average sine shape lag. It appears that the previous found lags are average values 
over the applied intervals.

Comparison of solar models with NH ground temperatures. We start with a compari-
son of the solar models from earlier studies with the NH ground temperatures. The models 
are the result of a linear regression with two proxies and is described by Equation (1):

                                                                                                                          (1)

In Eq. (1) ΔTEarth is the smoothed value of the measured Northern Hemisphere ground 
temperature described in earlier Chapters and that we call the MobBroh temperature, 
Gnmax is the maximum envelop of the sunspot group numbers, aamin is the minimum 
envelop of the magnetic antipodal amplitude and a,b,const  are the fit parameters of the 
linear regression. When data are used from before 1844, as will be done in this study, we 
can’t use the proxy aamin because it are extrapolated values from Nevalinna et al. (1993).

The upper panel of Fig. 10.1, which we will call Fig. 10.1A, shows the result of  De Jager 
et al. (2018). The orange triangular points are the measured MobBroh temperatures, 
the black curve is the 18 years smoothed  average of the MobBroh temperature, and the 
green curve is the fitted GSN-1612 solar model, based on the maximum sunspot group 
numbers Gnmax, with its 1 sigma error. A more careful look at the model curve with 
regard to the MobBroh temperature curve, seems to indicate that the model curve is 
not properly aligned with the MobBroh temperature curve. This leads us to the study of 
Nieuwenhuizen et al. (2020; cf. also Ch. 9) in which the correlation is calculated between 
the MobBroh temperature and the GSN-1612 solar model for the total interval of 1612 
till 1910. Maximum correlation was found for a time lag of about 16 years. Another re-
gression as in Figure 10.1A was thereupon started, but now with 16-years shifted  Gnmax 
data. This resulted in Figure 10.1C. A subsequent critical look at this new model curve 
with regard to the MobBroh temperature curve, shows that the curve is better aligned in 
the middle part of the model curve and it has become worse at the beginning and ending 
parts of the curve. In the study of Ch. 9 (cf. also Nieuwenhuizen et al., 2020) the correla-
tion was also calculated between the MobBroh temperature and the GSN-1844b model 
for the interval of 1844 till 1910; this resulted in a time lag of 7 years. The difference in 
lag for the different intervals leads to the assumption that the lag is not constant in time, 
and that the found values are the average values over the chosen periods.

This all was a reason to re-calculate the correlation between the MobBroh temperature 
and the GSN-1612 model with a sliding interval of 35 years over the total interval of 
1612 till 1910. This resulted in Fig. 10.1B. Every red point is the peak of a separate corre-

Summary: The earlier Chapters dealt with the study of the relation between the variations 
of the intensity of the variable solar magnetic energy sources and that of the average terres-
trial  northern hemisphere ground temperature. It was found that during the period 1610 
to about 1920 the variations of the smoothed terrestrial temperature and those of the solar 
magnetic radiation are well correlated but that after that an additional temperature in-
crease became prominent, to reach around the year 2000 a value of about one degree above 
the sun-dependent forecast. 
In the preceding Chapter 9 an additional aspect of the above described material was studied 
and it was found that, apart from the above mentioned features, there is a delayed compo-
nent of  the sun-related heating with an average time lag of about 16 years. These results 
confirmed earlier findings by other authors that ascribe such a time lag to  glacier warming 
and cooling. But there were also indications that the delayed component seems to have a 
variable time lag. This aspect asks for more study.
In this Chapter it will be found that the delayed component of sun-related heating is not 
constant: the lag of the component has increased during and after the Maunder Minimum, 
has decreased before and during the Dalton Minimum and had decreased with a higher 
rate after 1850. The shape of the lag curve seems to have the same shape of the average NH 
glacier lengths. This suggests that the radiative energy of the Sun is stored in the heat capac-
ity of the ice volume. We further think that the heat leakage has a strong positive feedback 
coupling with the ice-albedo.

Delayed solar influence on terrestrial temperatures. We refer to earlier parts of this 
book. There it was found that, during the period 1610 (first sunspot observations) till 
about 1920, the smoothed terrestrial temperature variations were well correlated with 
the solar variations of equatorial and polar magnetic activity. After 1920 the excess of the 
earth’s northern hemisphere average ground temperature rose to reach a value of ~ one 
degree above the sun-related value around the year 2000.
In the previous Chapter (Ch. 9) the optimal correlation between the NH ground tem- 
perature and the sun-related heating (the derived solar models) was searched. An aver-
age time lag of about 16 years over the interval 1612-1910 was found, but over the short-
er interval of 1844-1910 its value was as short as about 7 years. This leads to the question 
if the time lag is constant in time, which is the main topic of the study in this Chapter. 
Knowing this assumption we minimized the correlation interval till 35 years and we per-
formed a lag calculation with this interval sliding over the data streams, which resulted 

CH. 10: VARIABLE DELAY IN SUN-RELATED  
TERRESTRIAL WARMING
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lation calculation in the 35 years window, determined with 4 times up sampling via the 
FFT method (Press et all., Numerical Recipes in C, Chapter 13.2). The green curve is an 
exponential polynomial fit, which indicates the trend of the average year dependent lag 
and it seems to be close to a second order exponential curve. This curve is not an exact 
result for a lag model, but only an indication of a trend. This trend supports the earlier 
found alignment conclusion: Fig. 10.1A needs more time shift in the middle of the curve 
than at its ending parts. By correcting the Gnmax data with a shift of 16 years, which re-
sults in Figure 10.1C, the opposite alignment occurs; this model is well aligned with the 
temperature data in the middle, but the sides of the model curve are over-corrected.  
The next step is an attempt to find this time dependent time lag more accurate by a re-
gression method.

Improvement of the lag data set. It is at this juncture the aim to find the non-linear fit 
model in Fig. 10.1B. A first remark is that the data contain   some routine artefacts that 
have to be improved. Fig. 10.1B shows lag jumps which cannot  be related to a single 
physical source at those time scales. Although the input series are 18 years Lowess fil-
tered to remove fast temperature changes, like for instance those that are due to volcano 
eruptions, there are still effects of those quickly evolving sources in the data. 
Connected to the lag jumps are the zeros or the near zeros. When these zeros are further 
examined, they appear to be connected to negative lags. Because the lag determination 
routine only looks for positive lags, including zero, the slopes of the negative lags can be 
higher than the positive correlation peaks. The routine that is used only determines the 
maximum in the positive correlation half, which gives incorrect lag points at zero on the 
slope of the negative lag peak. 
It  was therefore decided to use an alternative peak detection that checks if a lag peak 
is a real peak by using the surrounding points, that all must have lower and descending 
values with regard to the lag peak. Further a t-test is included to check the quality of the 
lag point, according to Press et all., Numerical Recipes in C, formula 14.6.2:
   
                           (2)

Here, r is the Pearsons correlation coefficient and weff  is the effective window width, 
which equals the degrees of freedom. The correlation window width wwindow has to be 
corrected, because the Lowess filtered input streams have lost  degrees of freedom by the 
filtering. The lost degrees of freedom can be calculated with Cleveland’s approximation 
(Cleveland, 1979, page 835), which is included in Eqn. (2). Here, nLowess is Lowess filtered 
data stream length and wLowess is the applied Lowess window width of 18 years. When a 
certain confidence level is chosen, the t-value can be looked up in a table but it can also 

be calculated (Spiegel, M.R. et al., Schaum’s Outlines, page 121) as:

               (3)

In Eq. (3) the symbol Γ is the Euler gamma function and ν is the number of effective 
degrees of freedom. For a confidence level of 95% or higher, the single sided t-test of Eq. 
(2) must be above 1.696; with the amount of correlation points or the window width of 
35, the correlation coefficient r must be above 0.301. Points that have a lower confidence 
level are treated as outliers and they will not be included in a regression. These points 
will be marked in the updated lag plot.

The used routine for Figure 10.1B connected the calculated lag point with the last year 
from the 35 year window, while it is more logical to use the centre year of the window. 
This error is corrected in the altered routine version.
The window width is a choice of lag time resolution against variance. With a correlation 
window width wwindow of 35 years and a correlation coefficient r of 0.7, the variance is 
2.5%. 

Fig. 10.1A. Comparison model GSN1612.
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Then there is the step choice in shifting the 35 years window. Figure 10.1B has 1 year 
steps or an overlap with the previous window of 34 points. The total amount of points 
will be the dataset length minus the window width. Lag calculations in regions with lag 
jumps and outliers, as mentioned above, are filled with more points because of the 1 year 
shift and the overlap. These extra points don’t have to be placed symmetrically with re-
gard to the mean of the curve and this asymmetry will cause an extra error in the fit pa-
rameters. The point multiplication by the overlap with regard to no window overlap, is:       

              (4)

Here, s is the relative window overlap; we choose s = 75% because a certain amount of 
points will be lost by using the earlier described t-test; there follows a multiplication 
factor of m = 4. The exact amount of lag points can be calculated as: 
   
             (5)

Here f  is the relative window span; this is the window width divided by the amount of 
points in the data set. With a data set of 299 points, a window of 35 points and a relative 
overlap of 0.75 one obtains 31 lag points. Fig. 10.2A shows the updated lag data set.

Fig. 10.1B. Lag curve GSN1612.

Fig. 10.1C. GSN1628-S.

Fig. 10.2A.  Improved lag data set; red points are outliers according to the t-test.
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The red points in Fig. 10.2A, marked in the legends with Boolean 0, are the outliers and 
so the green points are the points within the 95% confidence interval. Fig. 10.2A shows 
that the peaks have become outliers by the t-test and in Fig. 10.2B is visible that the cor-
responding correlation values of those points are outside the confidence interval of 95%, 
which is below the red dotted horizontal line.

Searching for the lag model. Because we don’t know a priori what the lag model should 
be, we can suggest component functions of the model by guessing the physical processes. 
According to Weiss et al. (2010) the delay between the solar input and the terrestrial re-
sponse may be related to the time that it takes for relatively stronger melting of the major 
terrestrial ice masses. In this case exponential functions with time constants related to 
heat capacity of the ice and thermal conductivity should be expected. In Ch. 9 (cf. also 
Nieuwenhuizen et al. 2020) we suggested also a relation with the solar Suess cycle by 
means of the solar planets, which influence the Earth’s  orbit and modulate the strength 
of the solar radiation on the Earth. In that case we should expect a sine-like function in 
the model. It can also be a mixture of both. In the following these models will be used in 
a regression and we derive some statistics.

Exponential model. The lag data have an upward going and a downward going slope, so 
we suggest a second order exponential model as given in Eq. (6).
   

          (6)

Eq. (6) has been used for the determination of the trend in Fig. 10.1. When the regres-
sion model is applied at the new lag set, the result is seen in Fig. 10.3. The exponential fit 
in Fig. 10.3 almost looks like  half a sine-wave and it is almost symmetrical around the 
top around the year 1775. Table 10.1 shows the statistical figures of the regression, which 
are corrected for the Lowess filtered input streams.

Table 10.1 presents the fitted coefficients by the regression, the lost degrees of freedom by 
the Lowess filtering, the sums of squares, the degrees of freedom, the residual standard 
deviation and the adjusted R-squared. The sums of squares are subdivided into SSE, the 
error sum of squares or residual sum of squares, the SSR, the regression sum of squares 
around the mean, and the SSTO, the total sum of squares. The adjusted R-squared is the 
adjusted coefficient of determination; it is a fraction of the variance that is explained by 
the model. The σresid  is the residual standard deviation after the regression. The F-test is 

Fig. 10.2B. Correlation values corresponding to the improved lag data set.

Figure 10.3. Exponential lag model.
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Polynomial model.  The next following step is a comparison of the exponential fit to an-
other fit model. A higher order exponential model gives an impractical amplitude value 
and we choose for a third order polynomial model as given in Eq. (10).

            (10)

When this model is applied to the lag data set, the result appears in Fig. 10.4. It can 
be seen in this diagram that after 1800 this fit resolves the tail better than the expo-
nential model. The statistical data are summed in Table 10.2; according to the adjusted 
R-squared the polynomial model is 0.9% better than the exponential model, which can 
also be seen at the residual standard deviation σresid .  The F-test has to be 4.74 to have a 
99% confidence for the regression relation.

to test if there is a regression relation between the lag and the year variables. It is calcu-
lated according to Kutner et al, Applied Linear Statistical Models page 226, by:

                            (7)

The test must apply to the F-distribution to conclude that there is a regression relation. 
The threshold value t can be found in a table, but can also be calculated (with Spiegel, 
M.R. et al., Schaum’s Outlines, page 122):  

              (8)

Here, Γ is the Euler gamma function, the parameter v1 is the degrees of freedom of the 
SSR or the parameters of the fit, the parameter v2 is the degrees of freedom of the SSE 
or the amount of points minus the parameters of the fit. The value of the F-test in Table 
10.1 must be above 5.15 to have a confidence level of 99%. The probability Pr(F), which 
indicates the chance that there is no regression relation, can be calculated as:

                (9)

It is a very small number with the calculated 152.99 in the positive tail of the F-distribu-
tion, so with this regression useful predictions can be made. The amplitude Alag_exp is very 
small with regard to the other data, because of the large difference between the exponen-
tials. Our regression package has this method as standard exponential fit, but probably 
it is better to split the exponents and give them their own amplitude. Note that c1 and c2 
are in fact radial frequencies and the reciprocal values are time constants with the values 
τ1=7.46 year and                           161.7 year.

Table 10.1.  Exponential 2nd order fit of Fig. 10.3.

Fig. 10.4. Polynomial lag model.

Table 10.2. Polynomial 3rd order fit of Figure 10.4.
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values, which are 3.5, 11 and 13. Second the polynomial model, which is the best till now, 
indicates two different slopes.

Fig. 10.5 shows the result of the regressions and Table 10.3 gives the Lowess corrected 
statistical properties.

All models find a peak around the year 1752. Table 10.3 shows the exchange mechanism 
of the offset against amplitude Alag and period time Tlag. Models with lower offset have a 
higher R-squared adjusted, so they seem to match better with the lag points. But there 
happens something that does not match with the physics of our expected model: at an 
offset of 3.5, there is an amplitude Alag of 13.04; this means that after half a period of 344 
years after about 1750, which is around 2094, there will be an amplitude of -9.54. This 
fact together with the inability to have different slopes, leads to the conclusion that the 
polynomial model is still the best one.

Lowess Regression and model selection. There is another method that acts as a low pass 
filter and which preserves the character of the data. It is the Lowess or Locally Weighted 
Regression of Cleveland (1979; cf. also Ch. 7), which we also have applied on the input 

Higher order models have been tried, but the adjusted R-squared drops and the residual 
standard deviation increases.

Sinusoidal model. In Ch. 9 (cf. also Nieuwenhuizen et al., 2020) a relation is suggested 
with the solar Suess cycle. For this purpose a sinusoidal lag model is tried, as given in 
Eq. (11).

            (11)

Here Alag  is the amplitude with regard to the offset value, which is the mean of a complete 
cycle with the period Tlag. The independent variable year  is the year with, lag and i is the 
point counter. The constant yearpeak is the year offset and it is the year with the highest 
positive lag in the time interval, because of the chosen cosine function.

There are problems with the sinusoidal model. First, according to Fig. 10.3 there is just 
half a period and so the offset can’t be determined easily. A regression with the sinusoi-
dal model estimates an offset with a standard deviation higher than the mean; the t-test 
for this parameter fails. We choose therefore to set the offset to a defined value and there 
will be no estimated value by the regression. We will set the offset successively to three 

Fig. 10.5.  Sinusoidal lag models.

Table 10.3. Sinusoidal lag models of Fig. 10.5.
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Lag model and glaciers. Assuming that there is still sufficient correlation with the ex-
tended GSN-1612 model (see De Jager et al. 2018) and the NH ground temperature after 
1915, we can calculate the Lowess lag regression till about the year 2000. Fig. 10.7 shows 
the result.

Figure 10.7 shows that there are useable points after 1915, that have the 95% confidence 
level, which show that the lag approaches zero years. Note how robust the Lowess regres-
sion deals with the three outliers around 1962. If we look more carefully to the Lowess 
lag curve, then:

• there is a slight bending point just before 1700,
• the lag curve reaches at top just before 1800,
• the lag curve has a bending point at 1850,
• the gradient after 1900 decreases rapidly.

Figure 10.8 from Oerlemans (1997b) shows length-, volume- and  the mass balance 
curve of the specific glacier Nigardsbreen in Norway. The upper curve, the glacier length 
curve, shows a stepped simulated curve and a solid observed record curve. If we look 
more carefully to the observed record curve and the calibrated curve after 1750, then:

data streams. It uses a triangular like weight factor for the regression in a smaller window 
over the data. When the data in the window is weighted, a first order regression is made, 
which predicts the point in the middle of the window and delivers a slope to the next 
point. The method uses the relative window span f as input, which is defined in Eq. (12). 
   
                         (12)

With this f-factor, smoothness and variability can be exchanged with each other. Here 
n is the number of points in the data set and nwin is the number of points in the window. 
When the Lowess regression is applied at the data with f = 0.49, then Fig. 10.6 is the 
result. 

The equivalent number of parameters is 4, the remaining degrees of freedom is 16.12, 
and the residual standard deviation is 1.63. The error bar around the Lowess curve shows 
the residual standard deviation for each calculated point. The Lowess curve has the char-
acter of the polynomial fit, but with less expressed bending points.
Because the polynomial model has the highest R-squared value, which is the lowest re-
sidual standard deviation and because it has the character of the Lowess curve, we select 
it as best model for the lag curve.

Fig. 10.6. Lowess fit with f = 0.49 and 4 equivalent number of parameters.

Fig. 10.7. Lowess regression of the lag with the extended  GSN-1612 model.
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agreement with this it was found that the glacier retreat after the Little lce Age is occurring 
since around the years 1800-1850 and has not ended yet (Masiokas et al. 2010; Akasofu, 
2010). This melting of high latitude ice leads to a non-linear increase of the ice-albedo 
feedback of solar irradiance which in turn leads also to cloud cover feedback and thus may 
be contributing to the modern temperature increase (Again, this problem is mainly for the 
field of climatology and will not be dealt with here). 

It has been shown in this Chapter that the time lag between the solar input and the NH 
terrestrial response is not a constant. We think that is because of the energy caption and 
release by the heat capacity of the major terrestrial ice masses. The leakage, which can be 
modelled as a non-linear conductance and which contributes to the time constant of the 
slopes, is probably modulated by the non-linear ice albedo feedback.
 
CONCLUSIONS. We conclude that the lag between the solar input and terrestrial re-
sponse is not a constant. The lag curve has a shape as shown in Figs. 10.6 and 10.7. The 
shape for the lag curve for the period 1610 -1910 can be modelled by a polynomial fit. 
The lag curve seems to be related to the heat capacity of the major terrestrial ice masses, 
which is in agreement with statements from others. We also find the glacier profile fin-
gerprints in our lag curve.

• the observed curve has probably a bending point around 1700,
• both length curves have a peak at 1750,
• both curves have a bending point at 1850,
• after 1850 both curves have a decreasing gradient till 1930,
• both curves have a bending point around 1930 and 1970.

We define this curve as glacier profile for the Maunder- and Dalton-minima. The lag-
curve of Fig. 10.7 shows good correlation with the glacier curve from Norway. But our 
temperature set was a Northern Hemisphere set and our lag curve should show the av-
erage NH glacier profile. A glance at Fig. 10.9, derived from the thesis of Leclercq (2012, 
Figure 2.10a), shows that this yields the profiles for the Northern Hemisphere. For some 
reason the Scandinavian glaciers had the largest length variation, while other regions 
like NW America and Alaska peaked later with less length variation. For this reason our 
lag curve peak has probably a maximum just before 1800, but more calculation work has 
to be done for a firm conclusion.

In Ch. 9 (cf. also Nieuwenhuizen et al., 2020) it is stated that: the time delay of about 20 
years, found by Weiss (2010) between solar input and terrestrial response may be related 
to the time that it takes for relatively stronger melting of the major terrestrial ice masses. In 

Fig. 10.8. Figure from Oerlemans (1997b) in Climate Dynamics 14, 1998 (courtesy J. Oerlemans)

Fig. 10.9.  NH glacier length as a function of time with the length change relative to the length in 1950 
(Thesis Leclercq;  Figure 2.10a).
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Spiegel, M.R., Schiller, J.J., Srinivasan, R. ALU, 2000, Probability and Statistics, 2nd edition, Schaum’s Out-

line Series, McGRAW-Hill, New York.

Weiss, N., 2010, Modulation of the sunspot cycle, Astronomy and Geophysics 51(3), 3.9-3.15.

The present day time lag is just a fraction of the lag around the Maunder Minimum; 
this implies that the stored energy in the glacier ice volume has been released and 
has contributed to the modern temperature increase. The heat capacity and the 
leakage conductance both contribute to the time constants in the lag curve. The 
non-linear leakage conductivity is probably modulated by the non-linear ice-albe-
do feedback.
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